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ABSTRACT: We consider type II string theory in space-time backgrounds which admit eight
supercharges. Such backgrounds are characterized by the existence of a (generically non-
integrable) generalized SU(3) x SU(3) structure. We demonstrate how the corresponding
ten-dimensional supergravity theories can in part be rewritten using generalised O(6, 6)-
covariant fields, in a form that strongly resembles that of four-dimensional N = 2 su-
pergravity, and precisely coincides with such after an appropriate Kaluza-Klein reduction.
Specifically we demonstrate that the NS sector admits a special Kahler geometry with
Kahler potentials given by the Hitchin functionals. Furthermore we explicitly compute the
N = 2 version of the superpotential from the transformation law of the gravitinos, and
find its N = 1 counterpart.
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1. Introduction

The interplay between supersymmetry and geometry has been very fruitful in the past.

For example, compactifications of ten-dimensional type II supergravities on Calabi-Yau

threefolds Y preserve eight supercharges and yield four-dimensional N = 2 (ungauged)

supergravities as effective low energy field theories [ll-H]. The spectrum and couplings

of these N = 2 supergravities are in turn determined by geometrical (and topological)



properties of the Calabi-Yau manifolds. Supersymmetry strongly constrains the couplings
and thus also constrains the Calabi-Yau geometry. For example, it implies that the moduli
space of metric deformations of a Calabi-Yau manifold is the product of two special Kéhler
manifold characterized by two holomorphic prepotentials [ll, f—[q]. The Calabi-Yau moduli
space indeed satisfies this property and furthermore one can use geometrical methods
together with mirror symmetry to compute both prepotentials exactly [{, .

Expanding on earlier work in refs. [I0—[J], there has recently been much interest in a
generalized class of backgrounds where the Calabi-Yau manifold is replaced by a manifold
Y which is no longer Ricci-flat [[J]-[E4]. One way such generalized compactifications
arise is when localized sources (D-branes, orientifold planes) and/or background fluxes are
present and the solution of the equations of motion forces the geometry to back-react to
the additional background energy density. A certain class of manifolds, called ‘half-flat
manifolds’ [if], also appeared as mirror symmetric backgrounds of type II Calabi-Yau
compactifications with background fluxes [[[5, [Ig, BJ].

Within this generalized set-up one is particularly interested in backgrounds which
continue to preserve some of the supercharges or more generally where a number of su-
percurrents exist but the associated supercharges are spontaneously broken. The latter
case includes examples which do not satisfy the equations of motion, such as the classical
example of a Calabi-Yau manifold with generic background fluxes. In either case, the ex-
istence of the supercurrents requires that a set of spinors are globally well defined on the
manifold Y which in turn implies that the structure group has to be reduced. In the math-
ematical literature manifolds with a reduced structure group G are called manifolds with
G-structure [[i, [[q]. Generically G' does not coincide with the holonomy group since the
spinors are not necessarily covariantly constant with respect to the Levi-Civita connection.
The degree to which they fail to be covariantly constant is measured by a quantity known
as the intrinsic torsion and can be used to classify the G-structure.

From a particle physics point of view preserving the minimal amount of supersym-
metry is the most interesting case. On a six-manifold the existence of a single globally
defined spinor 7 requires the reduction of the structure group from Spin(6) to SU(3)
and therefore manifolds with SU(3) structure play a special role. They can be charac-
terized by the invariant spinor on the manifold or, more conveniently, by a real two-form
J and a complex three-form (2. Since 7 is not covariantly constant neither J nor 2 are
closed. Instead dJ and d? decompose into SU(3) representations. These define the in-
trinsic torsion and can be used to classify the different SU(3) structures [i]. For Calabi-
Yau threefolds J and §2 are closed, 7 is covariantly constant and the holonomy group is
SU(3).

Here, we will focus on type Il supergravities which have N = 2 supersymmetry in ten
space-time dimensions. Decomposing the spinor representation in ten dimensions under
Spin(1, 3) x Spin(6) and requiring N = 2 supersymmetry in four dimensions implies that
there are two non-vanishing spinors on Y, one for each of the original ten-dimensional
spinors. Each defines an SU(3) structure. Locally, the two SU(3) structures define an
SU (2) structure, which survives globally as an SU(2) structure if the spinors never become
parallel. If the spinors are always parallel we just have a single SU(3) structure.



One way to characterize this structure mathematically is in terms of “generalised
geometry”, first introduced by Hitchin [4§]. One considers the sum of the tangent and
cotangent bundle of Y, TY@&T™*Y on which there is a natural O(6, 6) structure. The two six-
dimensional spinors transform under a Spin(6) x Spin(6) subgroup defined by the metric and
NS B-field, and being globally defined, imply that the structure group of TY ®T*Y actually
reduces to SU(3) x SU(3) B4 (see [ for the original, related discussion of U(n) x U(n)
structures). In this formulation, the SU(3) x SU(3) structure can be defined by a sum of
odd forms ®~ and a sum of even forms ®*, each built out of spinor bilinears 8, B4] (see
also [B] for the construction in the case of G5 x Gy structures). From the point of view of
the TY @ T*Y bundle these forms correspond to a pair of Spin(6,6) spinors [51, 53, ).

Since we are interested in backgrounds with supercurrents but, in general, sponta-
neously broken supersymmetry, we do not require the SU(3) structures to be integrable.
Enforcing preserved supersymmetry (and the equations of motion) would impose integra-
bility constrains [R§, B4, i4]. The geometric structures used throughout this paper are
therefore “almost” (or not necessarily integrable) structures. However, in order to avoid
cumbersome wording, we will typically drop the “almost” when referring to them.

The description of backgrounds in terms of SU(3) structures and the generalization
to SU(3) x SU(3) structures has also recently played an important role in topological
string theories. In particular, it has been argued [53-FJ] that the target space theory
of the A and B model topological strings can be defined in terms of a functional of the
structures J or ) first considered by Hitchin [F1l, 2, §]. More generally [56] one must
consider the corresponding functional for the Spin(6, 6) spinors ®*. Similarly it has been
possible [B9, to generalize the notion of topological strings away from backgrounds with
SU(3)-structure (such as Calabi-Yau manifolds) to more general spaces with SU(3) x SU(3)
structure, again using the spinors ®*.

Returning to the physical string, for Calabi-Yau compactifications the N = 2 low
energy effective action in four space-time dimensions can be derived by a standard Kaluza—
Klein reduction where only the massless modes corresponding to harmonic forms on Y are
kept [[[-[]. This procedure is valid whenever Y is large and the supergravity approximation
can be used reliably. In the presence of background fluxes the same method has been applied
for example in refs. [7-[6g]. One chooses the fluxes to be small, the compactification
manifold to be large and hence consistently neglects the back-reaction of the geometry.
One finds that the kinetic terms are unaltered and the flux parameters appear as gauge
couplings and/or mass parameters which turn the supergravity into a gauged or massive
supergravity. However, when dealing with manifolds with non-integrable SU(3) structure,
this procedure is a bit more tricky since generically it is harder to specify in what sense
one is making a small deformation. For instance, turning on H-flux on a Calabi-Yau
manifold can map to a change in topology of the mirror manifold. Thus one cannot treat
the intrinsic torsion easily as a simple deformation of the supergravity as was done for the
fluxes.

The goal of this paper is to study type II supergravity in generic backgrounds with
SU(3) (the case where the two spinors are always parallel) or, more generally, SU(3) x SU(3)
structure. Our motivation is to define a ‘rule’ for deriving the low-energy four-dimensional



effective theory and to uncover the role of the torsion in supergravity. As in Calabi-Yau
compactifications this might lead to interesting insights into the interplay of geometry and
supersymmetry of the effective theory. However, we begin with a more general set-up. We
do not immediately confine our interest to the low energy effective action or performing
a Kaluza—Klein reduction. This leads us to a reformulation of the full ten-dimensional
theory, abandoning manifest ten-dimensional Lorentz invariance, but with bosonic fields
transforming in Spin(1,3) x O(6,6) multiplets. This is similar to and inspired by the ap-
proach pioneered in ref. [@], which considered a related reformulation of eleven-dimensional
supergravity. Although we provide no direct evidence, we expect the reformulation has a
local Spin(1,3) x SU(3) x SU(3) symmetry. More specifically, we first demand that the
tangent space of the ten-dimensional background is a direct sum T3 & F where T3 is
a Spin(1,3) bundle while F' is a Spin(6) bundle. Then we further require that structure
group of F' reduces admitting an SU(3) structure. In fact we also consider the more general
situation where the sum of the tangent plus the cotangent bundle admits SU(3) x SU(3)
structure. In both cases eight of the original 32 supercharges are singled out and we can
rewrite the ten-dimensional supergravity with 32 supercharges in a form as if it had only
eight supercharges.

In this framework, the supermultiplet structure and action follow the form of four-
dimensional N = 2 supergravity although the theory remains fully ten-dimensional. In
particular, concentrating on the bosonic fields which are scalars under Spin(1, 3), we define
a space of (not necessarily integrable) [MG: added] SU(3) x SU(3) structures and show,
following refs. [51, b3, i), that it admits a special Kihler geometry with a Kihler potential
given by a Hitchin functional. Restricting to the particular case of a single SU(3) structure
[MG: added], we furthermore rewrite the supersymmetry transformation law of the eight
gravitinos in a form analogous to the transformation law of the four-dimensional N = 2
gravitinos. This allows us to read off the three ‘Killing prepotentials’ or momentum maps
P*,x = 1,2,3 which are the N = 2 equivalent of the superpotential and the D-term. In
this ten-dimensional theory they turn out to be determined by the background fluxes and
the intrinsic torsion.

In the same spirit we can continue the decomposition keeping only four supercharges.
In this way we find the most general N = 1 superpotential induced by the fluxes and
torsion. We find that this generalized superpotential contains all previously known cases
in appropriate limits when either torsion, NS or RR fluxes are set to zero. For example,
in the torsionless case we recover the Gukov-Taylor-Vafa-Witten superpotential [70, [71],
5.

After having rewritten the ten-dimensional theory in an ‘N = 2 form’ it is straight-
forward to perform a KK-reduction. We choose the background to be a product M3 x Y
where M13 is a four-dimensional manifold with Minkowskian signature while Y is a com-
pact manifold with SU(3) structure. (The more general case of compactifications with
SU(3) x SU(3) structure will be discussed elsewhere.) In the KK-reduction one convention-
ally keeps the light modes and integrates out the heavy ones. However, backgrounds with
a generic Y do not necessarily have a flat Minkowskian ground state and the distinction
between heavy and light is not straightforward. Therefore we do not specify the precise



form of the truncation, which would depend on the particular choice of background, but
instead leave it generic, extracting the set of conditions that such a reduction must satisfy
to be self-consistent. The truncation is defined by extracting from the infinite tower of
KK-modes only a finite subset. However, we impose one further condition in that we only
keep the two gravitini in the gravitational multiplet but project out all gravitini which
reside in their own (massive) spin—% multiplets. This ensures that the resulting low effec-
tive action contains apart form the gravitational multiplet only N = 2 vector, tensor and
hypermultiplets.

Once the ten-dimensional spectrum is truncated the gauge invariance of the original
ten-dimensional theory is no longer automatically maintained. Instead, as we will see, gauge
invariance imposes additional constraints on the truncation which also have been observed
in [f2). Imposing these constraints, the N = 2 action takes a standard form [73, 4] -
possibly with massive tensor multiplets [p4, [, [f6]. This enables us to discuss in detail the
supergravity /geometry correspondence. We find, as expected, that the torsion (as well as
the fluxes) deform the N = 2 supergravity and turn it into a gauged or massive supergravity.
The gauge charges and mass parameters are directly related to the fluxes and torsion and
we derive the precise relationship by computing the supersymmetry transformations of the
gravitino.

This paper is organized into two main sections. In section f| we discuss the reformula-
tion of the ten-dimensional type Il supergravity theory in terms of N = 2-like structures
while in section B we perform the Kaluza—Klein reduction and compute some of the cou-
plings in the low energy effective theory. More specifically in .1 we first show that eight
linearly realized supercharges require that the theory has a Spin(1,3) x SU(3) x SU(3)
structure. In section P.J we then show how the ten-dimensional fields decompose into
N = 2 multiplets for the case of a single SU(3) structure. After reviewing a few facts
about SU(3) structures, we give the part of the action for the deformations of the NS
fields in section P.J. In section P-4 we show that their kinetic terms form a product of
two special Kéahler geometries in exact analogy with the moduli space of Calabi-Yau com-
pactifications. Furthermore the Kéahler potential is determined by the sum of two Hitchin
functionals both of which can be derived from a universal expression given in terms of a
pure Spin(6,6) spinor [pl, {§]. In section R.§ we compute the scalar part of the super-
symmetry transformations of the gravitinos and determine the ten-dimensional analog of
the Killing prepotential P*. By an appropriate further reduction we compute the N =1
superpotential in section P.6. In section f] we perform the KK-truncation. We first define
the ‘rules’ for the reduction in B.1. We project out all 33 representations and then impose
local p-form gauge invariance on the remaining spectrum. In we discuss the reduction
of the common NS-sector and show that the resulting Kéahler potentials precisely coincide
with the analogous Kéhler potentials of Calabi-Yau manifolds. In B.J and B.4 we perform
the reduction of the RR-sector for type ITA and type IIB. In B.J we check that the ‘proper’
N = 2 Killing prepotential P? obtained by truncation from its higher-dimensional ‘father’
agrees with the generic form dictated by N = 2 gauged supergravity. Finally in B.6 we
briefly discuss mirror symmetry for these generalized compactifications and [| contains our
conclusions.



2. Type II supergravity with SU(3) x SU(3) structure

The goal in this section is to understand some of the details of how we can reformulate
the ten-dimensional type II supergravity theory in terms structures analogous to N = 2
four-dimensional supergravity. In doing so we lose manifest Spin(1,9) Lorentz symmetry,
and instead arrange the fields in Spin(1,3) x O(6,6) multiplets. We will concentrate on
the scalar field part of the theory, that is multiplets which contain fields which are singlets
under Spin(1,3). In an N = 2 language these are the vector, tensor and hypermultiplets.
In particular, we will show that there are special Kéhler geometries on the spaces of scalar
fields describing their kinetic terms. Furthermore, we will show how the ten-dimensional
theory gauges a set of isometries on these spaces, described by a set of Killing prepotentials
again just as in four-dimensional N = 2 supergravity. We find that all these objects can
be written in a simple way in terms of generalised geometrical structures, invariant under
0(6,6) transformations. In particular, the Kéhler potential of the special Kahler geometry
is given by the Hitchin functional.

Let us start by discussing the relation between rewriting the theory in terms of eight
linearly realized supercharges (N = 2) and the existence of generalised SU(3) x SU(3)
structures.

2.1 N =2 and SU(3) x SU(3) structures
2.1.1 Effective theories and G-structures

One motivation for this paper is to consider the general low-energy gauged supergravity
theory that arises when type II string theory (or rather type II supergravity) is compactified
on the space-time background

MY = M3 xy . (2.1)

Here M3 is the four-dimensional, physical space-time while Y is a six-dimensional compact
manifold.! The product structure of the space-time background (R.1) implies a decomposi-
tion of the Lorentz group Spin(1,9) D Spin(1, 3) x Spin(6) and an associated decomposition
of the spinor representation 16 € Spin(1,9) according to 16 — (2,4) @ (2,4).

We are interested in the situation where the effective theory on M3 has the mini-
mal N = 2 supersymmetry. In other words, we need to single out eight particular type
II supersymmetries which descend to the effective theory. For type ITA we start with
two supersymmetry parameters of opposite ten-dimensional chirality. Using a standard
decomposition of the ten-dimensional gamma matrices I'M = (T'*, ") as

Fﬂzr}/ﬂ@l, M:051,2535 Fm:’75®’7m, mzl,...,G, (22)

142~3, we can write

where 75 = iy%y

sIIIAzefr®77}r+el,®n1,, 93
2 2 2 2 2 (2.3)
ElIA = €3 @ NZ + 2@y,

In this paper we do not consider the possibility of a warped background but leave the study of this
class of compactification to a separate publication.



where 7% = (6}#2)6 and n™? = (niz)c. (Here as usual n® = Dn*, where D is the intertwiner
giving —y™* = D~14™D. We also have 77 = n' A, where 71 = Ay™A~1. By a slight abuse
of notation we use plus and minus to indicate both four-dimensional and six-dimensional

chiralities.) For type IIB both spinors have negative chirality resulting in the decomposition

p=ctont+lteont,  A=12. (2.4)

In each case we have a pair of spinors 6f in M3 parameterizing the N = 2 supersymme-
tries. In addition, we have two spinors nf of Y fixing precisely which of the ten-dimensional
supersymmetries descend to four dimensions. Note that generically these can be different
for the two ten-dimensional supersymmetry parameters 4.

For such a reduction to work, the spinors nf must be globally defined and nowhere
vanishing on Y and hence the structure group of the tangent space of Y has to reduce.
Consider one such global spinor. It has to transform as a singlet under the structure group.
Decomposing under SU(3) C Spin(6), the complex spinor representation splits as 4 = 3®1.
Thus if the structure group is contained in SU(3) we indeed get a spinor singlet. Manifolds
with this property are known as ‘manifolds with SU(3) structure’ in the mathematical
literature [i5]. Since we do not require the background to be supersymmetric, only that
the four-dimensional effective action has a set of N = 2 supercurrents, there are generically
no differential conditions on the spinors nf. In the mathematical literature this means we
have an “almost” or not necessarily integrable SU(3) structure.

From egs. (B-3) and (B-4) we see that in general we have a pair 7! of such spinors, each
of which defines an SU(3) structure. In summary

d =4, N =2 effective theory <« Y admits a pair of SU(3) structures . (2.5)

Locally the two spinors 77—1F and ni span a two-dimensional subspace of the four-dimensional
space of positive chirality Spin(6) = SU(4) spinors. This space is invariant under SU(2) C
SU(4) rotations, under which both spinors are singlets. Thus locally the presence of two
SU(3) structures actually implies that we have an SU(2) structure. However, globally
there can be points where the spinors become parallel, and hence at these points no SU(2)
structure is defined. The extreme case where the two spinors are parallel everywhere is
allowed, and in this case the two SU(3) structures coincide, leading to a single SU(3)
structure.

As we discuss in more detail below, a special case of a supersymmetric compactification
is where Y is a Calabi-Yau manifold and 77_1F = 773. In this case, in deriving the low-energy
effective theory, one keeps only the massless modes and disregards all heavy Kaluza—Klein
modes (together with all heavy string states). However, for compactifications on generic
manifolds with a pair of SU(3) structures the distinction between heavy and light modes is
not straightforward. It appears that we have to define a ‘rule’ for the reduction to decide
which modes we keep in the four-dimensional effective action and which modes we truncate
away. In fact, as we now discuss, we can actually start by doing something more general,
where we do not truncate the theory at all.



2.1.2 A d =10 reformulation and generalized structures

The previous discussion was based on the assumption that we had a product manifold (P.1)).
However it is not really necessary to make such an assumption. In general, if we break
the local Spin(1,9)-invariance one can always rewrite the full d = 10 type II supergravity
theory as though it were a theory with only eight supercharges. The structure of the theory
is then analogous to N = 2 in four dimensions, but no Kaluza—Klein expansion is made
and instead we work in ten space-time dimensions keeping all the degrees of freedom. A
similar reorganization of eleven-dimensional supergravity was done in ref. [g] in order to
understand the origin of hidden symmetries in lower dimensional supergravities.

More precisely, we require only that the ten-dimensional manifold M9 admits a pair
of SU(3) structures. This means that the tangent space TM” splits as

TMY =T33 F, (2.6)

where T13 is a real SO(1,3) vector bundle and F is a SO(6) vector bundle which admits
a pair of SU(3) structures. In other words we have two different decompositions of the
complex vector bundle Fr = F ® C, that is

Fc=E'@E'=E*0 E?, (2.7)

where each E4 is a complex SU(3) vector bundle corresponding to the SU(3) structure
defined by nﬁ. Equivalently, recall that the original type II theory is formulated on a
supermanifold M1916+16 of bosonic dimension (1,9), with a manifest local SO(1,9) invari-
ance and with the Grassmann variables transforming as a pair of 16-dimensional spinor
representations. The requirement that we have a pair of SU(3) structures means there is a
sub-supermanifold

N1+~ L9/16+16 (2.8)

still with bosonic dimension (1,9), but now with only eight Grassmann variables trans-
forming as spinors of Spin(1,3) and singlets of one or the other of the SU(3) groups. It is
natural to reformulate the d = 10 supergravity in this sub-superspace. As such, although
the theory is still defined in ten-dimensions (though without manifest SO(1,9) invariance),
it will have structures analogous to those of d = 4, N = 2 supergravity, such as special
Kaéahler moduli spaces and Killing prepotentials.

Let us now turn to a second key point. The pair of SU(3) structures are actually
most naturally described as a single “generalized structure”, a notion first introduced by
Hitchin [I§]. One starts by considering the sum of the tangent and cotangent bundles
TY @ T*Y, or more generally F' @ F*. If v € F and £ € F*, one can see that there is a
natural O(6,6) metric on this space, defined by

(v+&v+8&) =¢&W) =™, (2.9)

which makes no reference to any additional structure (such as a metric) on F. Note that the
metric is invariant under the diffeomorphism group GL(6,R) C O(6,6) acting on F and F™*.
The choice of metric g and NS two-form B can be shown to correspond to fixing an O(6) x



O(6) substructure. Given this substructure, the two spinors nf transform separately under
the two different Spin(6) groups and the pair of SU(3) structures is actually equivalent to a
(not necessarily integrable) SU(3) x SU(3) structure on F & F*, as discussed in ref. [B4, ().
In summary, we have argued that

N = 2-like reformulation of = F & F* admits a (not necessarily (2.10)
type II integrable) SU(3) x SU(3) structure

We expect that this SU(3) x SU(3) structure is actually promoted to a local symmetry of
the reformulated theory, in analogy with [69]. Suppose, for instance we had compactified
on a torus Y = 70, It is then a familiar result that the low-energy theory has a local
0O(6) x O(6) symmetry and a global O(6,6) symmetry, concomitant with the fact that the
string theory has a T-duality symmetry [[4]. For instance the scalar degrees of freedom
coming from the internal metric and B-field arrange themselves into a O(6,6)/0(6) x O(6)
coset. The two Spin(6) groups act separately on each spinor nf. On T any pair of constant
spinors (ni, 77~2k) parameterizes a pair of preserved supersymmetries in four dimensions and
hence compactification gives an N = 8 effective theory. If we isolate a single pair, this
can be reformulated as an N = 2 theory. The local O(6) x O(6) symmetry should then
reduce to those symmetries that leave the pair invariant, namely a local SU(3) x SU(3)
symmetry. Thus, generically we expect that the effective theory on N1914t4 will have a
local Spin(1,3) x SU(3) x SU(3) symmetry. In what follows we will however concentrate
on the analog of the scalar sector of the theory and do not provide any direct evidence for
this local symmetry.

In order to simplify the discussion we will frequently specialize to the case where the
SU(3) x SU(3) structure defines a global SU(3) structure (rather than some local SU(2)
structure). In other words we assume ni = ni. This is mostly for convenience and it
also allows us to connect with the existing literature on compactifications on spaces with
SU(3)-structure. We stress nonetheless that from a supergravity perspective the natural
framework for N = 2 theories and truncations is actually a generic SU(3) x SU(3) structure.

2.2 Field decompositions

Let us first look at the decomposition of the fields of type II supergravities in the sub-
supermanifold N1914+4_ Let us use the same notion as the previous section even though we
no longer necessarily have a product manifold. A pu, v, ... index denotes the representation
of a field as a tensor of 713 while a m, n, ... index denotes the representation as a tensor
of F. In addition, we specialize to the case of a global SU(3) structure. This means we can
futher decompose the F-tensors into into SU(3) representations.

The common NS sector contains the metric gasn, an antisymmetric tensor By and
the dilaton ¢. Their decomposition into SU(3) representation is displayed in table []. The
notation ap, denotes a field in the SU(3) representation a and with four-dimensional spin
b, with T denoting an antisymmetric tensor or pseudo-scalar. The representations are real
except for 6 and 3 and their conjugates.

The RR sector of type ITA supergravity features a vector Cys and a three-form Cpsnp;
their decompositions are given in table B



Guv 1

IMN Gum 3+ 3)1

Imn | 1o + (6 + 6)0 + 8o

Buz/ ]-T

Bun Bum | (3+3)1

an ]-0 + (3 + 3)0 + 80
¢ 1o

Table 1: Decomposition of the NS sector in SU(3) representations.

C, | 13

Cum Cm | (34+3)

Cup | B+3)T

Cunp Cunp | 11+ (3+3)1+ 81

Conp | A +1)0+(3+3)o+(6+6)0

Table 2: Type ITA decomposition of the RR sector in SU(3) representations.

) 1o
Cw 1t
Cun Cum (834 3)1
Crnn 1o+ (34+3)o+ 80
Cunpq $[(1+1)1 + (34 3)1+ (6+6)1]

CMNPQ Cmnpq/c,uumn 1o+ (3+ 3)0 + 8o

Table 3: Type IIB decomposition of the RR sector in SU(3) representations.

In type IIB one has a scalar Cy, a two-form Cy and a four-form Cy with a self-dual field
strength Fs. Their decompositions are recorded in table . The self-duality of Fs relates
Clwvmn t0 Cranpg, and leaves only half of the representations in C),,,q as independent fields.

Finally let us turn to the fermionic sector which contains two gravitinos ¥j; and two
dilatinos A. In type ITA they have opposite ten-dimensional chirality while in IIB they
have the same chirality. The 16-dimensional spinor representation decomposes according
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Wy, | 132 +33)2

U —
M Ui | 112 +31/2+231/2 +61/2 + 812

A 112+ 31,2

Table 4: Decomposition of the fermions in SU(3) representations.

to
16 — (2,1) ®(2,3) ®(2,1) ®(2,3) . (2.11)

This in turn leads to the decompositions displayed in table . (Here all the representations
are assumed to be complex.)

Altogether these fields can be assembled into N = 2 multiplets. In both theories one
finds a gravitational multiplet, six spin—% multiplets, 15 vector multiplets, nine hypermul-
tiplets and one tensor multiplet. (Of course, altogether these N = 2 multiplets precisely fit
into a single N = 8 gravitational multiplet.) The distribution of the fields into N = 2 mul-
tiplets is not uniquely determined by their SU(3) representation. However, we are mostly
interested in the case where only the two gravitinos in the gravitational multiplet are kept
while the six extra spin—% multiplets are projected out or become massive.? In this case
one has a ‘standard’ N = 2 theory in that only vector, tensor and hypermultiplets coupled
to the gravitational multiplet with known couplings occur. This situation can be arranged
if one removes all triplets from the spectrum. In this case the distribution of the fields into
N = 2 multiplets is uniquely determined by their SU(3) quantum numbers.

For type IIA we display the multiplets in table f| while the type IIB multiplets are
given in table [f. We see that the SU(3) representations are permuted between type IIA
and type IIB which expresses the fact vector- and hypermultiplets are exchanged under
mirror symmetry.3

2.3 Scalar action: kinetic terms

From now on, we will concentrate on the scalar part of the generalized action. As we
have seen in the previous section, the relevant NS components are ¢, B, gmn and By,.
Note that g,,, enters both the vector multiplets and hypermultiplets. To distinguish the
two contributions we first need to understand the geometry on the space of metrics on
manifolds with SU(3) x SU(3) structure. As before we will actually specialize to the SU(3)
case. Thus as a prerequisite it is useful to recall some facts about SU(3) structures. In
what follows we will consider the analog of the four-dimensional kinetic terms for these
scalar degrees of freedom. The analog of the potential term will be discussed in section P.5.

2Recall that a massless N = 2 spin—% multiplet contains a spin—% gravitino, two vectors and a Weyl
fermion, while a massive spin—% multiplet contains a spin—% gravitino, four vectors, six Weyl fermions and
four scalars.

3Strictly speaking in type IIB one has the choice to assemble the spectrum either in tensor or hypermul-
tiplets. If they are massless one can always dualize the tensor to a hypermultiplet. However for massive
multiplets such a procedure is not straightforward and it often more convenient to keep the tensors in the
spectrum @, @]
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multiplet SU(3) rep. field content

gravity multiplet 1 (G, Cu, ¥ p)

tensor multiplet 1 (B,w, &, Cranp, A)

vector multiplets 8+1 (C;mp, Gmns Bmn, ¥im)

hypermultiplets 6 (9mns Crnp, Vi)

Table 5: N = 2 multiplets in type IIA.

multiplet SU(3) rep. field content
gravity multiplet 1 (9 Crnpgs )
double tensor multiplet 1 (Buv, Cpws @, cO x)
vector multiplets 6 (Cunpgs Gmn> Ym)
hypermultiplets 8+1 (Gmns Bmn, Cons Covnpgs Yin)

Table 6: N = 2 multiplets in type IIB.

2.3.1 Geometry of SU(3) structures

One way to define manifolds with G-structure is to demand the existence of a G-invariant
tensor or spinor on the manifold [, [f§]. We have argued that an invariant spinor 7,
corresponds to picking out a particular supersymmetry in the type II theory. Given 7,
defining an SU(3)-structure we can also build a set of SU(3)-invariant forms. These are
constructed as follows. Using the six-dimensional gamma-matrices 4™ defined in (P.J) we
can construct a globally defined two-form J and a complex three-form €2, given by

1 1 1. -
ney™ e = £51SM gy e = I ey = SIT L (2.12)
Here 74 are normalized so that niny = % and 4 Me = Almiyme - ampl are anti-

symmetrized products of six-dimensional y-matrices.*

Using appropriate Fierz identities
one shows that with this normalization for the spinors, J and (2, are not independent but

satisfy
3 _
J/\J/\J:ZiQn/\Qn7 JAQ,=0. (2.13)
Furthermore, raising an index on J defines an almost complex structure [ in that it satisfies

I? = —1. With respect to this almost complex structure J is a (1,1)-form while €, is a
(3,0)-form.

4By Q, we denote the three-form defined in (R.19) which is built from normalized spinors 7. Later on
in this paper we will also introduce the three-form 2 which obeys a different normalization.
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It is helpful in what follows to note that one can actually define the SU(3) structure
in terms of a pair of real forms (J, p) where p = Re(),,. The forms cannot be arbitrary
but must be stable [f3]. This means that they live in an open orbit under the action of
general transformations GL(6,R) in the tangent space at each point. A stable two-form
J then defines a Sp(6,R) structure while a stable real form p defines a SL(3,C) structure.
Together they define an SU(3) structure provided the embeddings of Sp(6,R) and SL(3, C)
in GL(6,R) are compatible. This requires

3
J/\J/\J:§,0A,6, JAp=0, (2.14)

where p = ImQ,, = *p. As we will discuss in section p is actually determined by
p, independent of J. Note that since SU(3) C SO(6) the pair (J, p) satisfying (R.14) also
defines an SO(6) structure and hence a metric.

Returning to the spinor 74, if the corresponding supercharge is conserved in a space-
time background where all fields vanish other than the metric, then the Killing spinor
equations imply that n, is covariantly constant with respect to the Levi-Civita connection.
Geometrically this says that the holonomy of M1 is in SU(3). This means we have a
metric product of the form (2:J)) where M%3 is flat R13 and Y is a Calabi-Yau manifold.

However, if one also allows for the possibility of spontaneously broken supercharges,
while we still have an SU(3) structure, 74 is no longer required to be covariantly constant.
Nonetheless, for any 7., one can always find a torsionful connection V(T) on the six-
dimensional vector bundle F', which is compatible with the metric to g,,, and which obeys
VT)y = 0. Calabi-Yau manifolds are thus special cases of manifolds with SU(3) structure
for which the torsion vanishes. The part of the torsion which is independent of the choice
of VT) is known as the “intrinsic torsion” and can be used to classify the types of SU(3)
structure. Since 1 is no longer covariantly constant both J and €, are no longer closed
but instead they obey [[I]

3 _ _
AJ = 21 (Wi Q, — WiQ,) + Wy AT+ Ws |
41( 13¢en 1 77) 4 3 (215)

dQ, = WiJ? + Wa AJ + W5 A Q, ,

with
WsAJ = WaAQ, = WanJ? = 0. (2.16)

One finds that the five different W’s completely determine the intrinsic torsion. Note that
W1 is a zero-form, Wy, W5 are one-forms, Ws is a two-form and W3 is a three-form and
each can be characterized by its SU(3) transformation properties. Calabi-Yau manifolds are
manifolds of SU(3) structure where all five torsion classes vanish. Any subset of vanishing
torsion classes on the other hand define specific classes of SU(3) structure manifolds.

Now we turn to the effective action for the metric degrees of freedom or, as we will
see, the effective action for J and p.

2.3.2 Kinetic terms for NS deformations

In order to separate the vector multiplet and hypermultiplet degrees of freedom it is better
to work in terms of the SU(3)-structure (J, p) rather than the metric g,,. Decomposing
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deformations of the structure into SU(3)-representations, given the constraints (R.14]), one
can write
0J =AJ +iyp+ K |

3 (2.17)
where X\ and v are scalars, v is a real vector, transforming as 3 + 3, K a is real two-form
transforming as 8 and M is a (primitive) three-form transforming as 6 + 6. This implies
that

pANK = JANJAK = 0,

(2.18)
JAM = pAM = pAM = 0.

Recalling that the SU(3) structure defines the metric gy, it is easy to show that the two
sets of deformations are related by

1
5gmn = AJmn — Jmprn - §pmqupqn . (2.19)

Here we see explicitly that dg,,, contains scalar, 8 and 6 + 6 deformations as we already
noted in table . (By definition Jp,PKpy, and p,,P9M,,p, are symmetric on m and n.)

Clearly, there are more degrees of freedom in the SU(3)-structure than in the metric.
This is not surprising since the metric parameterizes the coset GL(6,R)/SO(6) which is 21-
dimensional, while the pair (J, p) parameterizes GL(6,R)/SU(3) which is 28-dimensional.
The vector v and scalar « represent the extra seven parameters: deformations which change
the SU(3)-structure but leave the metric invariant. It is natural, since we have local SU(3)
symmetry, to formulate the theory in terms of J and p. However, we expect to find a local
symmetry removing the non-metric degrees of freedom represented by v and . This is the
remnant of the local Spin(6) C Spin(9, 1) rotational symmetry of the vierbein formulation
of gravity.

Note, in addition, that the vector deformation v transforms as 3 + 3 as do the addi-
tional spin—% degrees of freedom coming form V¥, discussed in section R.J. If we want to
consistently restrict to a ‘standard’ N = 2 theory and ignore these additional spin—% fields
we must drop all such triplet representations and hence set v to zero. We will often do this
in what follows and only in section discuss some properties of the more general case.

Now let us finally turn to the kinetic terms for ¢mn, Bmn and ¢. The point is that,
given the split (R.6), we can always decompose the derivative operator dys into a part on
T3 and a part on F' labeled 0y and Oy, respectively,

Ot = (D, Om). (2.20)

Any term in the ten-dimensional theory with two 8, operators we denote as kinetic, while
any scalar field term with no such operators we denote as contributing to the potential.
As when conpactifying, we need to rescale the four-dimensional part of the metric g,
and also define a new “four-dimensional” dilaton in order to diagonalize the kinetic terms
and get a conventional Einstein term. In analogy with the case of compactification on a

Calabi-Yau manifolds we write

—24(4) 1
g =g, oW =06 TIndet g . (2.21)
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where g, is not rescaled but taken in the ten-dimensional string frame. Note that these
definitions imply that

e 20" ¢ det F* = ASF* |

4 1,3 % 1,3 % 6 % (2'22)
gl € T @ TH3* @ ASF* .

This means for instance that the exponential of the four-dimensional dilaton transforms as
a six-form under GL(6,R) transformations on F.

The bosonic NS part of the ten-dimensional type II action reads
1
Sng = / dfz /ge 2 [R + 4(8¢)? — EH2 . (2.23)

Keeping only terms with 9, and also only Spin(1, 3)-scalar fields we find, given the redefi-
nitions (2.21)),

1
Sns = /dloﬁﬂ\/ g [RW —2(99™))? — ﬁe_4¢(4) H(24)

1
— ngpg"q(ﬁugmn(?“gpq + 0, Byn0" Bpg) + .. ] , (2.24)

where H ﬁ,)p = 30, B, and all contractions are with gfﬁ,). Note that, for instance, /¢4 R(*

€ det T'3* ® det F* and hence (R.:24) does transform properly as a ten-dimensional gen-
erally covariant expression. The first three terms give the usual kinetic terms of the four-
dimensional metric ¢* and the B,,,~¢ part of the tensor or double tensor multiplet. The
last two terms in (R.24) define a metric of the space of metric and B-field deformations [[f7].
We write, given the expansions (R.17)

1
ds? = ggmpg"q((sgmn@pq + 8 Byund Bpg)

3 1 1
= |=0XA + =¢"P¢" 6K, 0 K g™ g™ B, 0B
4 + 89 g mn Pq + 89 g mn g (2‘25)

1
+ ﬂgmrgnsgptéanpéMrst

= ds?(J, B) + ds?(p).

Note that without any truncation this metric is precisely the metric on the Narain coset
0(6,6)/0(6) x O(6) [[7. The vector dv,, and scalar 6y deformations of J and p do not
enter (R.25) because they represent non-metric degrees of freedom, that is deformations
which change the SU(3) structure but leave the metric unchanged.

The derivation of (R.24) and (P.25) is completely analogous to the derivation given
for example in refs. [B, fj for Calabi-Yau compactifications. The difference here is that
we do not assume any compactification and keep the dependence on all ten space-time
coordinates. Furthermore, the background is not a Calabi-Yau but only constrained to

have SU(3) or SU(3) x SU(3) structure.
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The exact same decomposition of the ten-dimensional action can be done for the RR-
part of the respective actions for type IIA and type IIB. Again this is in complete analogy
with the derivation of the four-dimensional action for Calabi-Yau compactifications per-
formed in [B], {f]. This results in the kinetic terms for the gauge bosons and the kinetic terms
for the RR scalars and tensors. We will not do this explicitly here since the couplings to
the SU(3) structure J and p is exactly the same as for Calabi-Yau compactifications and
thus we can borrow the results from the literature [, .

Instead in the following sections we will show that ds?(J, B) and ds?(p) correspond to
special Kéhler metrics on the moduli space of B 4 iJ and p respectively, and, in addition,
how these structures are intimately related to Spin(6,6) spinors and Hitchin functionals.

2.4 Special Kahler manifolds and stable forms

In this section we review, essentially following Hitchin [@], how the spaces of forms J and
p defining the SU(3) structure each separately admit a natural special Kéhler metric. We
then discuss the corresponding structure on the space of SU(3) metrics g, (that is metrics
which are compatible with some SU(3) structure). This is done by first noting that both
e/ and p +ip are pure Spin(6, 6) spinors and using Hitchin’s result that there is a natural
special Kéhler metric on the space of (stable) real Spin(6,6) spinors. The special Kéhler
metrics on the spaces of J and p then arise as special cases. In each case they agree with
the metrics (R.25) we found directly from rewriting the type II supergravity theory.
Concretely this section is organized as follows. We first briefly review the notion
of special Kahler geometry in P-4.]. Then in section we discuss in more detail the
properties of SU(3) x SU(3) structures and in particular show that they can be conveniently
expressed in terms of pure Spin(6,6) spinors. In R.4.d we review (in a slightly different
language) Hitchin’s result that there is a natural special Kéhler metric on the space of
(stable) real Spin(6,6) spinors. The special Kéahler metrics for p and J will then arise as
special cases in sections and R.4.5. Finally in we discuss the geometry of the

corresponding constrained space of SU(3) metrics.

2.4.1 Review of special Kahler geometry

First let us briefly recall the structure of special Kihler geometry [[3, |, {8, [9, [4]. There
are two types of special Kéhler structures which we will now summarize.

In globally supersymmetric N = 2 theories the scalar fields in the vector multiplets
can be viewed as coordinates of a rigid special Kdhler manifold. This implies one has
(2n)-dimensional Kéhler manifold U with a flat holomorphic Sp(2n,R) bundle G with a
holomorphic section ® such that the Kahler potential is given by

Kiigia = iw(®, @), w(0P,00) =0 . (2.26)

where w(+,-) is the symplectic product on G and 0 is the holomorphic derivative on U.
One can typically introduce holomorphic coordinates Z! on U and holomorphic functions
F1(Z) such that

w(®,®)=2"F - Z'Fy | (2.27)
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with I = 1,...,n. The second condition in (R.2¢) implies that locally we can write F; =
OF/0Z" where the holomorphic function F(Z) is known as the prepotential.

In N = 2 supergravity the same scalar fields in the vector multiplets are coordinates of
a local special Kéhler manifold. The latter is a Hodge-Kéhler manifold M of real dimension
2n together with a line bundle £ and a holomorphic Sp(2n+2,R) vector bundle H over M.
One requires that £ embeds holomorphically in H. In addition there exists a holomorphic
section ® of £ such that the Kahler potential is given by

K = —lniw(®,9) , w(®,00) = 0, (2.28)

where now w(-,-) is the symplectic product on H and 0 is the holomorphic derivative on
M. The section ® is not unique but can be shifted by a holomorphic gauge transformation
on L corresponding to a Kéhler transformation. Just as in the rigid case one can introduce
holomorphic coordinates Z! on H together with a set of holomorphic functions F;(Z) such
that (2:27) holds, though now with I = 0,1,...,n. Again, the second condition in (2.2§)
implies F; = OF/0Z". However, the prepotential F(Z) is now homogeneous of degree two.
Locally one can introduce special holomorphic coordinates 2! = Z¢/Z°% i =1,...,n on M.
In these coordinates the prepotential has the form

F(Z) = (2°) f(=") (2.29)
where f(z%) is a function of the 2%.

2.4.2 0(6,6) spinors and SU(3) x SU(3) structures

We argued in section P.I] that in general N = 2 supersymmetry (or eight linearly real-
ized supercharges) leads to a theory with SU(3) x SU(3) structure, by which we mean
a pair of SU(3) structures. From one perspective this simply says that we have a pair
of spinors nf, A = 1,2, or equivalently a pair of structures (J4, p) which are given in
terms of the nf exactly as in section P.3.1]. However, it turns out that it is convenient to
reformulate these structures in terms of Spin(6,6) spinors [ig, i since it makes the local
SU(3) x SU(3) symmetry of the theory manifest [B4, BJ]. In this section we briefly review
this reformulation as it will be essential for showing the special Kéhler structure of the
metric (P.27).

Let X = v+£ be an element of F'@ F* where v € F and £ € F*. Recall that there is a
natural O(6, 6) metric on F'® F* given by (2.9). The basic Spin(6, 6) spinor representations
are Majorana—Weyl. In fact, the two chiral spinor bundles ST and S~ are isomorphic to
the space of even and odd forms respectively

ST~ AV pr §7 ~ \odd (2.30)
Under this isomorphism, the Clifford action is realized by
(v+&) xF =ixT+EAXT (2.31)

for xy* e Aever/odd [+ and where i, denotes contraction with the vector v. More explicitly,
let f, with m = 1,...,6 be a basis on F' and let ¢” be the dual basis on F* (that is
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€™ (fn) = 6™y,). We can write the O(6,6) gamma matrices '™ where ¥ = 1,...,12 as
XZPE =0"I,, + gml—wm with [y =iy, I =e€"A, (232)

where we use the shorthand i, for iy, .
The isomorphism between spinors and forms is not canonical. If one considers carefully
how the spinors transform under the GL(6,R) subgroup one finds®

S~ peven/odd pr | det, F|1V/2 (2.33)

1/2 " Since one takes

To specify the isomorphism one needs to choose an element of | det F|
the absolute value this bundle is trivial. If the manifold is orientable (as will be the case
for us) the isomorphism can equivalently be fixed by choosing a particular volume form

€ € ASF* = det F*. Specifically we define the isomorphism

f.: Si N Aeven/oddF*,

2.34
ut - T = utVe (2.34)

In what follows we will actually be interested in forms y* € Aever/odd p* We will use

') (2.35)

to denote the corresponding element in S*. We will also often refer to the forms x* as
“spinors” assuming that the isomorphism (£.34) is understood.

As usual, the intertwiner C' between I'™ and its transpose representation —(I'*)T =
C~IT*C defines a bilinear form on S*. Explicitly if a, 3 are Spin(6,6) spinor indices and
u,v € ST then the inner product is given by

vt = (O gput0tl . (2.36)

The inner prduct between spinors in ST and S~ vanishes because the spinors have different
chirality. Since here CT = —C the bilinear form actually defines a symplectic structure on
S*. Thus we will also often write it as

w(ui,vi) = atoT, (2.37)

so that in components w,g = C’;ﬁl

Given the isomorphism between S* and A¢ve"/°dd there is a corresponding inner prod-
uct (p*, x*) on the space of forms known as the Mukai pairing. If the isomorphism is
defined by the volume form e one defines

W) =w@d xH) e=vi Axd — o3 AxT +of Axg —vd Axd

2.38
() = Wl sxT) € = —br Axs + 45 A X5 — ¥ AXE (239

®Note that there is actually always a second spin structure, twisted not by |det F|1/ 2 but by
det F|det F'|~'/2. These differ by a sign in the action of elements of GL(6, R) with negative determinant.
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where the subscripts denote the degree of the component forms in A®ve?/°dd f* Note that
the Mukai pairing is independent of the particular choice of volume form e. However it is
also not quite a symplectic structure on A¢ve/°dd F* gince it is a map to ASF* and not to
R.

From the metric ¢,,, one identifies the subgroup of diffeomorphisms which preserves
gmn as O(6) € GL(6,R) C Spin(6,6). Given a spin structure, we can then decompose
ut € ST into representations of the corresponding Spin(6) group according to

w=Gedireed, (2.39)
where (4 and (/, are positive chirality (complex) spinors of Spin(6). For v~ € S~ one finds
=0l vl . (2.40)

In both cases the Spin(6) acts on both the left and the right.

The volume form ¢, defined by the metric and spin structure, provides a natural
isomorphism with A¢ver/edd f* - Thig can be seen directly by taking Fierz identities. In
particular, if 4™ are the gamma matrices for the Spin(6), one has

N

6
_ 1 -
k=0

showing that any given Spin(6,6) spinor is equivalent to a set of k-forms C_;yml___mk (.
Explicitly we have the isomorphism

6
< 1 1 - m m
C+ ®Ch/Eg = 1 @g (CevmrmaCr) €™ A A ™. (2.42)
k=0 "

Let us now rewrite a given SU(3) structure in this formalism. Recall the SU(3) struc-
ture was defined by a spinor n; with n_ = n¢. This allows us to define two complex
Spin(6,6) spinors as 2§

1 .
geflJ c AevenFé ’
_ 1, X
N @7\ /6g = —5i0y € AL .

Nt @ M4/€g = (2.4

e/ and €1, are known as “pure spinors” [E9] since their annihilator is a maximal isotropic
subspace (for the case at hand, the annihilators of e™/ and (1, are six-dimensional, and
are given in 23, B§)). In terms of the O(6,6) structure group on F @ F* each complex
pure spinor defines a SU(3,3) sub-bundle. Together the common sub-bundle of the two
SU(3,3) structures defined by e’ and €, is a SU(3) x SU(3) bundle. Within this there is
an SU(3) subgroup of diffeomorphisms GL(6,R) C SO(6,6) which leave J and p invariant
and defines the original SU(3) structure. From this perspective, the SU(3) structure is
defined by the pair of pure spinors €/ and Q.

Now consider the case of a pair of SU(3) structures, given by nfﬁ. As discussed above,
this is the generic situation for the reformulated supergravity theory. Again one can con-
struct two pairs of pure complex spinors nf ® ﬁ_’é\/g = /" and nf ® ﬁf\/g = Q;;‘ with
A =1,2. Tt is actually more natural (and equivalent) to define, following [B4, F(], the pure
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spinors
=1} ® /6 € ATNIE,

(2.44)
® =) @72 feg € AV

Their expression in terms of the local SU(2) structure is given in [B4, [4]. Again here
each pure spinor given in (R.44) defines a SU(3,3) structure. Since as Spin(6) spinors
ﬁiwmnf = 0, it is easy to show that @;}FEQ; = (0. This implies that together they define
an SU(3) x SU(3) structure on F @ F*. (This is discussed in more detail in section R.4.4.)
Writing the structure in terms of ®* the SU(3) x SU(3) action is immediately apparent: it
corresponds to two independent SU(3) C Spin(6) groups acting separately on nl and 3.
In the generic case, globally there is no common subgroup of SU(3) x SU(3) and we simply
have a pair of SU(3) structures. Locally there is a common SU(2) group, but this does not,
generically, survive globally (this is the case when the spinors 7' and n? become parallel
at one or more points on the manifold.) Nonetheless, globally, the pair of SU(3) structures
is equivalent to the pair of complex pure spinors given in eq. (.44). In the special case
where n} = n% = n,, we have a single SU(3) structure with

Pt = ée_l‘] , P = —émn : (2.45)
This is the case with which we will be most concerned. However let us continue a little
further in the more general setting of SU(3) x SU(3) structures and show that stable
Spin(6, 6) spinors define a special Kihler geometry following [B1].

2.4.3 Special Kahler structure for stable Spin(6,6) spinors

Consider a general odd or even form Y, that is a section either of A®Ve™F* or ACddf™
Let xc € ST be the corresponding spinor defined using the volume form e. Following
Hitchin [ig, F1] we will show, first, that there is a natural special Kihler structure on the
space of so called “stable” spinors x., and, second, how this also gives a special Kahler
structure on the space of stable forms y.

Just as a nowhere vanishing Spin(6) spinor defines an SU(3) structure, a nowhere
vanishing Spin(6,6) spinor x. defines an SU(3,3) structure. That is to say a generic x.
is invariant under SU(3,3) C Spin(6,6) rotations. As shown in [§], not quite all spinors
define an SU(3, 3) structure, but rather only an open subset of S* corresponding to so-called
“stable spinors”. To see how the stable spinors are defined it is useful to start by noting
that, in analogy to the SU(3) case discussed in section R.3.1, one can construct SU(3,3)-
invariant forms out of the spinor bilinears. In particular, one can define a fundamental
two-form J € A?(F @ F*) given by

jnzzgernzxe, H,EZl,...,lQ, (246)

where I'ry; is the antisymmetrized product of two SO(6,6) I'-matrices. Using the O(6,6)
metric one can raise one index forming J'"s, which generically defines an almost complex

structure. The only caveat is that J» will not be properly normalized to be compatible
with the SO(6,6) metric, that is T Mg % = —k26y, but k # 1. This is because the
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normalization of x. is not fixed, and there is no simple way to fix it, since Yexe = 0
identically as can be seen, for example, from (P.36) or (R.3§). Following Hitchin [f1], one
can instead introduce a quartic function of ., given by the square of Jr1y. One defines
1, _ _
QE(XE) = _Z(XeFHEXe)(XEFHEXe) ) (247)

together with the homogeneous Hitchin function of degree two

Hc(xe) = \/—%qe(xe) = %32 (2.48)

Note that when J is correctly normalized, H¢(x.) = 1.

With the help of these functions one can define the notion of stable spinors. If 7 does
define an almost complex structure then clearly g¢(xe) < 0. In fact this is also sufficient for
there to be an SU(3, 3) structure. Hitchin defines the set of stable real Spin(6,6) spinors

U, = {Xe €St qe(xe) < 0} . (2.49)

By definition ¢.(x.) < 0, and hence one can see that U, is an open subset of ST, consisting
of all spinors such that J # 0, and so is 32-dimensional. This is the statement that a
generic spinor Y. defines a SU(3,3) structure. Clearly kx*, for any non-zero k € R — {0},
defines the same structure. Hence the set of stable forms U, is a homogeneous space given
by the set of SU(3, 3) structures compatible with the O(6,6) metric together with an overall

scale g

U.~ 0(6,6) ® RT/SU(3,3). (2.50)

In what follows it is useful to note that since S* is a vector space and U, is an open subset
of S*, there is a natural isomorphism between T, U. at any point x. € U, and S*. (For
instance y. can be viewed either as a coordinate on U, or the “position vector field” in
TU,.)

On manifolds with SU(3) structure there is a pair of real invariant spinors, or equiva-
lently a complex invariant spinor (and its complex conjugate). The same is true for SU(3, 3)
structures. The second real spinor y. can be written in terms of x. by acting with the

correctly normalized operator J*Tyy,. Explicitly one has
. 1
Xe = ————=—=—= T Tz xc - (2.51)

6/72/12

This second spinor can also be defined in terms of the function H¢(x.). Recall that the
spinor inner product defined a symplectic structure w(€,n) = &n. The function H(x.)
defines a Hamiltonian vector field ¥, € TU, ~ S*

ig.w = —dH,, (2.52)
where d is the exterior derivative on U, so dH, € T*U,. In components we have
)Z? = _(wil)agaﬁHe(Xe)’ (253)

where 0, = 0/0x®. Using (R.4§) and (R.44) it is straightforward to see that (R.5J) coincides
with (E31).

— 21 —



The corresponding complex spinor is

1 .
(I)e = 5 (Xe + 1X€) ) (254)

which was shown to be a pure spinor in ref. [[i§]. In what follows it will be one of the two
pure spinors defining the SU(3) x SU(3) structure. As a vector field x. € TU, generates the
U(1) action ®, — €?®, where we view the real and imaginary parts of ®, as coordinates
in U. Furthermore due to the homogeneity of H,. together with the definition of y. given
in (:59) and (2.53) one infers

He(xe) = %w(xe,ie) = iw (P, D) - (2.55)

Now one can show that there is a natural rigid special Kéhler structure on U. There
is already a symplectic structure given by the spinor inner product. Since the matrix w is
constant, independent of y., we clearly have

dw = 0. (2.56)

Actually we have more. A constant w gives a flat symplectic structure and implies that we
can introduce Darboux coordinates x& = (xK, yr) on U, with K, L =1,...,16 such that

w=dz® Adyg . (2.57)

These will be useful in what follows.

Next one shows that the complex structure J on F @ F™* also induces a complex
structure I on TU,. Specifically, viewing x. as an element of TU,, one defines I € TURT*U
by

I = —9sx% = (w 1)*0,05H., , (2.58)
where the second equation follows from (R.53) since w™! = C' is constant. In order to see
that I? = —1 we first note, from the definition (R-51)), that Y.I'isXe = X['msXe and hence
H(Xe) = He(xe). Together with (R.55) this implies w(xe, Xe) = w(Xe, %e) and hence

Xe = —Xe - (2.59)

Taking a small variation of (2.53) and using (R.5§) we find 6x¢ = —1I agéxf . Using this
and (R59) we find 6y® = —0x% = I%g 5¢7 = —1%5 17, 67 which indeed implies I? = —1.
To show that I is also integrable one identifies explicit complex coordinates. In the

Darboux coordinates (R.57) the complex spinor @, of (R.54) can be written as a complex
vector on U,

1 .
o, = 5 (Xe + IXe)

_ 1 1yaB 9

5 (¢ — ()"0, X2
RN AN R VN AN') 260
2 Oy ) Oz 2 IK T oK tiT%e

0 0

pr— K [ _
=2 oxK K oy’
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where the last line defines the complex functions Z¥ and Fx on U,. By definition the
components ®¢ = (ZX, —Fg) satisfy d®® = 2dx& — %i[o‘ﬁdxf. Hence —i(Id®.)* = d®¢
and the one-forms d®¢ = (dZX,—~dFk) are all of type (1,0) with respect to I. This
implies that ZX and Fy are each separately complex coordinates on U. (They are known
as conjugate coordinate systems.)

We have shown that on U, there exists a closed symplectic form w and an integrable
complex structure I. Furthermore, from (2.5§), one sees that woyI75 = 0q0gH, is sym-
metric. This implies w and I are compatible (that is, w is a (1, 1)-form) and hence together

they define a Kéhler metric. The metric is given by
Grigid = (War ") Ax& © dx! = a0 H dx¢ @ dx? . (2.61)
If we change to complex coordinates Z%, since Ghigia is by definition Hermitian, one has
Ghrigida = Ox O H. dZX @ dZ" | (2.62)

where 0 = 0/0Z% and hence one can identify H, as the Kihler potential. Note that
da® = dZK + dZ¥K and dyg = dFx + dFk. It is then easy to see that the Hermitian
condition (or equivalently the condition that w is a (1,1)-form) implies that Jjx Fy) = 0.
This implies that locally we can find a complex function F such that Fx = O F.

In summary, one sees, using (R.55) and (R.6(), that the Kihler potential is given by

Krigid =H.= iw(q)a i)e) =i (ZKFK - ZKFK) ) (263)

where Fix = OxgF. Comparing with (2.26) and (2.27) we see that this is the standard
form for a rigid special Kihler geometry.® Omne can further show that this is actually a
pseudo-Kéhler geometry: the signature of the metric Gyiga is (30,2) [B1).

Since we are interested in gravitational theories we really want to have a local special
Kahler geometry. Fortunately there is a straightforward way of obtaining such a structure
given the rigid geometry just described. Recall that x. generated a U(1) action on U,
corresponding to ®, — €?®.. The position vector field y. generates a scaling ®, —
AD.. Together they define a C* action compatible with the complex structure (since it is
generated by the holomorphic vector field ®.). Thus one can define the 30-dimensional
quotient moduli space

M, =U./C* . (2.64)

Under the C* action the tangent space TU, descends to a holomorphic Sp(32,R) vector
bundle H with symplectic structure w. It is a standard result (see for instance [[9]) that
there is then a local special Kéhler structure on M with Kéhler potential

K=-InH =-Iniw(®,®) =—Ini(Z"Fx — Z5Fk), (2.65)

for some @, defined up to a Kéahler transformation ®. — A®, where A € C*. (In [[9
local special Kéahler manifolds are defined as such quotients.) The corresponding metric is

6 Anticipating the result we already denoted the holomorphic section of special K&hler geometry in section

4.1 by @.
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Euclidean. The Z%(z) are complex sections of H where z are complex coordinates on M.
The moduli space corresponds to a space of U(3,3) structures compatible with the O(6,6)
metric, so we can identify

M, ~ 0(6,6)/U(3,3), (2.66)

as the space of complex structures compatible with the O(6, 6)-metric. That M., admits a
Hermitian metric is well known (see for instance [if]). Hitchin’s result [[£g] is to show that
it has a natural special Kahler geometry.

Thus far the discussion has been in terms of the spinor y.. As such, it appears that the
special Kéhler structures depend on the choice of volume form € defining the isomorphism
between forms and spinors. In fact, the final local special Kéhler structure is actually
independent of the choice of €. All of the preceding discussion can be repeated in terms
of the form y € Aever/edd = Explicitly, one defines the analog of de(Xe), using the Mukai

pairing (R.3§) rather than the symplectic form w,

1

() = =7 (6 Tsx) (6 Tx) € ATFT @ A°F” (2.67)

which is now formally the square of a volume form rather than a scalar. The open set of
stable forms, which is isomorphic to U, is then given by

U = {X c Aeven/OddF* . q(X) < 0} ~ U, . (268)

One has the analog of H¢(x),
(2.69)

which is now a volume form.

The functional H () defines a complex structure on U in complete analogy with the
spinor case. One defines the Hamiltonian vector field ¥ on TU ~ Aever/°dd f* Ly the action
on TU

(X;-) = —dH() , (2.70)

and the corresponding complex vector field

B — % (x+i%). @2.71)
The complex structure is then defined as a derivative of ® as before.

The difference arises in the symplectic structure. We can define a map Aever/edd p g
Aeven/edd xR by (y, 1)) — w(Xe, 1) but this depends on the choice of e. This means
that there is no canonical rigid special Kahler metric on U, but only a family of metrics
depending on e with Kéhler potentials Kiyigiq = He(xe). However, we can again form the
quotient moduli space

M=U/C" = M, . (2.72)
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The corresponding local special Kahler potential given by K = —In H, is independent of
the particular choice of € in defining the symplectic structure, since rescaling e simply shifts
K by a constant and corresponds to a Kéhler transformation. From this perspective we

can introduce the volume form
e M =H=i(®,0)=i(Z"Fx — Z"Fk) € A°F", (2.73)

where we have introduced complex homogeneous coordinates Z%(z) as above and 2% are
complex coordinates on M . The special Kahler metric is then given by

0uOyH — 0,H 0, H
2 aYb _ Y a ac-b
ds® = < i T I >6z 0z”, (2.74)

where 0, = 0/02% and the powers of A®F* cancel so that the metric G really is a map
G- Aeven/oddF* ® Aeven/oddF* —~ R,

In summary, there is a unique special Kahler structure on the (quotient) space M =
U/C* of stable forms x € Aeven/odd p* whore the exponentiated Kéhler potential e % is
naturally a six-form given by the Hitchin function H(x). From now on we will consider
only this structure on the space of forms and not consider the corresponding spinors.

2.4.4 Special Kahler structure for stable J

Having discussed the general case, let us now turn to the specific special Kahler structures
that arise from p and J. Let us start with the symplectic two-form J. From Calabi-Yau
compactifications we know that it is naturally paired with the NS two-form B. To match
with the discussion of the previous section, we introduce the Spin(6,6) spinor

xT =2Re(ce B7) ¢ Aven (2.75)

where ¢ € C — {0}. Note that for general J, B and c the spinor x " is completely generic.
Using Hitchin’s construction we find by inserting (2.73) into (R.69) using (R.39)

4
Huﬁ):§kPJAJAJ. (2.76)

(One way to see this is to note that the phase of ¢ and the entire B dependence can be
removed by a O(6,6) rotation and hence both drop out of H(x).) The space of stable x*
is then given by

Uy={Re(ce P) e A" F*: JANJAJ #0} . (2.77)

This is equivalent to the usual condition that J is non-degenerate. The second spinor y is
found from (R.51)) to be 2Im(c e~ B-1J ) and thus the pure complex spinor reads

O =ce P (2.78)
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From (R.3§) we see that A°F*@ A2 F* forms a maximal null subspace of A®V*" [’* under
the inner product (-,-). Thus we can choose symplectic Darboux coordinates such that
the 24 span AYF* @ A2F*. In order to distinguish from the special Kéhler structure for p

which we will discuss in the next section let us denote the complex coordinates on Uj by
X4 and Fu (instead of ZX and Fk). Expanding ®* we determine the X4 to be

X%=¢,  X%=—¢(B+iJ)" (2.79)

where a = [mn] running from 1 to 15 denotes the pair of antisymmetric indices on the two
forms. Finally, the C* action generated by ®* acts by rescaling ¢, that is ¢ — Ac¢ with
AeC

From Hitchin’s construction we immediately obtain a special Kéhler manifold on the
quotient space

M;=U,;/C*, (2.80)
with the Kahler potential K ; given by

4
e K= H = §|C|2 JNJTANT, (2.81)

and we see e X is naturally a six-form as discussed above. On M one can introduce

special coordinates defined in section
t7=—-X1X"= (B+iJ)". (2.82)

(Note we have introduced an extra sign to match the conventional definition of ¢*.) In
these coordinates the prepotential f(t*) introduced in (R.29) then takes the form

FXN = (X025,  fEYe=tAtAL. (2.83)

Note that these expressions are exactly analogous to the expressions for the special Kahler
geometry on the space of Kahler deformations on a Calabi-Yau manifold except that here
J and B are functions of all ten spacetime coordinates and we do not necessarily have a
Calabi-Yau manifold.

Finally we must show that the metric defined by K corresponds to the metric for
the supergravity kinetic terms ds?(J, B) given in (225). Starting from the Kéhler poten-
tial (2-81)) we find the Kéahler metric

3[6tASEAT 30t AJ*SENJ?

2 _
dSJ = —5 J3 5 J3 J3 . (284)

Note that here we see explicitly that both numerator and denominator are proportional to
the volume form which therefore cancels in the ratio. Rewriting this expression in terms
of contractions with the metric g, we have

3 1 1 1
ds? = 100N+ 59" 0vmbvn + 29" G S Kmnd K pg + 299" 0 Binnd Bpg, (2.85)

which precisely matches the metric (R.25) (up to the terms involving the vector deformation
dv). Again this is similar to the situation in Calabi-Yau manifolds where the analogous
computation can be found in refs. [f, [f]. Recall that the §v terms do not correspond to
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physical deformations but are associated with different SU(3) structures which define the
same metric. In the full theory we expect them not to be present. We discuss this in some
more detail in section P.4.6. In the limit where we drop additional spin—% multiplets and
hence all fields in the 3 + 3 representation of SU(3), we set v = 0 and the agreement is
exact.

2.4.5 Special Kahler structure for stable p

We now turn to the almost complex structure on F defined by p € A3F*. Unlike the
previous case this is not a generic Spin(6,6) spinor since it does not contain one-form or
five-form pieces. Nonetheless an analogous construction of the special Kahler moduli space
exists. (This was also first given by Hitchin in [51]].)

One starts by noting that the pairing (-,-) defined in (R.3§) still defines a symplectic
structure on the subspace A>F* € A°dF*. Then one introduces the (restricted) spinor

X~ =2npe A3SF* c A°MFT (2.86)

where the factor of two is for later convenience and n € R—{0} is an arbitrary normalization
constant analogous to the ¢ introduced in (B.75). For this restricted spinor one can still

define the forms ¢(x ™) and H(x ™) as in (R-67) and (B.71]). Explicitly one finds, using (2.39),

q(x7) =8n* (™ Ninp Ap)(e" Nimp Ap) € ASF* @ ASF* . (2.87)
The space of stable three-forms is
Uy,={peNF*:q(p) <0} . (2.88)

The key here is that only the GL(6,R) C Spin(6,6) generators in I''"™ give a non-zero
contribution to ¢(p). From this perspective, rather than defining a SU(3,3) substructure
of Spin(6,6), the three-form p defines a SL(3,C) substructure of GL(6,R). The spinor
stability then reduces to a notion of three-form stability, that is U, defines an open orbit
under GL(6,R). Correspondingly U, is isomorphic to the homogeneous space

U, ~ GL"(6,R)/SL(3,C), (2.89)

where GL(6,R) is the space of real matrices with positive determinant. Note if we had
considered the generic case of SU(3) x SU(3) structures, rather than restricting to SU(3)
structures, Y~ as defined (B.44) would be a generic element of A°F* and we would be
back to the general Hitchin construction.

Given H(x~) the construction continues just as above. One defines X~ € A3F*, by

X, ) =—dH(") (2.90)
so X~ = 2np and then the complex spinor
Q=x"+ix =nQ, € A’F;, (2.91)
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which is the (3,0)-form usually used to define a SU(3) structure. (Recall that Q, was
defined in (R.12) in terms of normalized spinors 7m = 1 and Q differs from , by the
arbitrary normalization n.)
The C* action generated by 2 acts as 2 — A with A € C*. One then constructs the
quotient space
M, =U,/C*, (2.92)
with the Kéhler potential K, is defined via the six-form
e =H=10AQ. (2.93)

Note that modding out by the C* action means that points in M, do not distinguish
the phase of 2. Thus M, is the moduli space of almost complex structures rather than
SL(3,C) structures on F' and we can identify

M, ~ GL*(6,R)/GL"(3,C). (2.94)

Choosing a symplectic basis of A3F* one can introduce complex coordinates Z%. Crucially,
as above, €2 is a holomorphic section, that is it depends only on the holomorphic coordinates
ZF on M,,.

As for the case with J, one notes that the special Kéhler geometry is governed by
expressions which are exactly analogous to the corresponding expressions for the special
Kihler geometry of complex structure deformations on a Calabi-Yau manifold [ff]. The
difference here is again that € is a function of all ten spacetime coordinates and we do not
necessarily have a Calabi-Yau manifold.

Finally we must show that the metric defined by K, indeed coincides with the scalar
kinetic term metric ds?(p) given in (R.2§). To do so it is convenient to note that, using
the Mukai pairing, any complex three-form can be decomposed into a part along €2 and

k

an orthogonal piece. In particular, for the derivative 9Q/9z* where z* are holomorphic

coordinates on M, we can always write

o0
ok = K Q + 1y, (2.95)

where vy, is defined by <7/)k, Q> = 0. The metric on M then takes the form
_ i¢k52k A 1,5,452’“

ds? = T (2.96)
Given the expansion of p in (R.17) we can identify
K02k = géA —idy,  pdZF = (M —Sv AJ)+ix (6M + v AJ). (2.97)
Substituting into (2.9q) and rewriting in terms of contractions with g, one finds
ds’Q) _ %gmrgnsgpt(;anp(;Mrst + %gmnévmévn , (2.98)

which exactly matches the scalar kinetic term metric of (2.25) (up to terms in the vector

deformation dv). Again this is analogous to the Calabi-Yau computation which can be

3

found in ref. [. As before the v deformation is dropped when we remove the extra spin-3

multiplets by ignoring all fields in the 3 + 3 representation of SU(3).
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2.4.6 Special Kihler structure for metric SU(3) x SU(3)-structures

In the previous two sections we have seen that there are natural special Kahler structures
on the space of two forms B +iJ and three-forms p respectively, each of which agrees with
the corresponding metric in the type II supergravity theory. However rather than general
J and p the actual supergravity degrees of freedom are the metric g. In this section, we
discuss some of the issues involved in removing the redundant degrees of freedom. However
a full analysis of the structures which arise will depend on including the couplings of the
additional spin—% multiplets and hence our discussion will not be complete.

To go from J and p to g involves two steps. First one imposes the conditions
3 3 .
JAp=0, J :ip/\p. (2.99)

These imply that together J and p define an SU(3)-structure. Secondly we need to mod
out by those degrees of freedom that are not physical, that is take equivalence classes of
(J,p) which describe the same metric g on F. In terms of deformations these are the
degrees of freedom parameterized by v and 7 in (R-17). Given any stable p we can always
rescale p so as to satisfy the second condition in (£.99). However modding out by the scale
of p together with the v deformation corresponds precisely to the C* action on U, used
to define the moduli space M,. Similarly the C* action on U; removes the non-physical
degree of freedom c in (R.7§). Thus the actual problem on M ; x M p is to impose the first
condition in (R.99) and mod out by the vector v degrees of freedom.

Crucially, one notes that both the constraint J A p = 0 and v transform in the 3 + 3
representation under SU(3). In the approximation where we are dropping the additional
spin—% multiplets we drop all triplet representations. Thus, in this case, the condition is
necessarily satisfied, there are no v deformations and (., p) define a unique metric. This
is precisely what happens for Calabi-Yau manifolds and also will be our assumption in
section [| where we will consider truncations of the general theory. Here we will discuss
something of what form the general theory may take.

Let us start with the constraint. In fact, it is straightforward to consider the general
case of SU(3) x SU(3) structures. Recall that a generic stable form y* € A®v*?/°dd defines
an SU(3,3) structure. Let U * denote the corresponding spaces of stable x*, and M* =
U*/C*. We must identify those pairs of spinors (x*,x~) which determine an SU(3) x
SU(3) structure, as defined in ref. [B4]. (In the case where the structure is integrable, this
should presumably be equivalent to what Gualtieri [i9] calls a “generalized Calabi-Yau
metric”.) This condition implies that the spinors define a metric g and B-field. Taking a
generic pair is not sufficient: we must impose a condition. This is the generalization of the
conditions (R.99) that J and p together define a metric g. It defines a subspace

VoU"xU", (2.100)
which can be identified with the 52-dimensional homogeneous space

V ~0(6,6) @ RT @ RT/(SU(3) ® SU(3)). (2.101)
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The two factors of Rt here correspond to the fact that rescaling either y* by a non-zero
real number defines the same SU(3) x SU(3) structure.

The condition can be expressed in a number of ways. Let J¥ !y, be the pair of almost
complex structures (2.46) on F @ F* defined by xF. Two equivalent formulations of the
condition are

JTHT =0 & (T )=o0. (2.102)

The first form was first given in [£g).” To see that the second form is a necessary condition
one simply notes that there are no scalars in the decomposition of the vector representation
of O(6,6) under SU(3) x SU(3). From it we learn that V is a 52-dimensional subspace of
Ut x U™. To see explicitly how that metric and B-field arise, one defines a metric G on
F®F* as
G I gI
VHOOH ) G H ()

The factors of H.(xZ) normalize the almost complex structures, and also ensure that G is

(2.103)

independent of e. The metric can be written in terms of g and B as [i]

-1 -1
1 -9 B g
= 2.104
Gx <g —~Bg™'B Bgl> ’ (2.104)

a form familiar from discussions of T-duality [77]. If we restrict to the special case of SU(3)
structures, the condition (R.109) is equivalent to

JANp=BAp=0 (2.105)

implying that when restricting to SU(3) structures it is natural to restrict B as well.
The condition (R-10J) can also be written in terms of the complex (pure) spinors ®*
as

(o*,To™) =0. (2.106)

(For SU(3) structures the corresponding condition is (B +iJ) A = 0.) This form is
manifestly invariant under the C* actions on U* used to define the moduli spaces M*.
Thus we can also view the condition as defining a subspace of M x M~

N — MTx M~ (2.107)

Equivalently we can think of N as the quotient of V' by the two C* actions. Again this
gives a homogeneous space, now 48-dimensional,

N =~ 0(6,6)/(U(3) x U(3)). (2.108)

Since ®* are holomorphic functions on M¥ the condition (B-106) represents a complex
submanifold A/. This means that the special Kihler structure on the total space M+ x M~
induces a special Kahler structure on A. Crucially however N is no longer a product

"We thank Marco Gualtieri for discussions confirming the second form of the condition.
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manifold where the Y™ and x~ structures separate into one special Kihler manifold for the
vector multiplet scalars and one for (part of) the hypermultiplet scalars. This is contrary
to the usual d = 4, N = 2 form of supergravity.

Even on the constrained manifold A/ we are over-counting the degrees of freedom since
many SU(3) x SU(3) structures define the same metric and B-field. As we already observed
in (2.29) the actual 36-dimensional space of g and B is isomorphic to the homogeneous
Narain moduli space [[77]

Q =0(6,6)/(0(6) x O(6)). (2.109)

This can be obtained from N by modding out by those elements of O(6) x O(6) not in
SU(3) x SU(3). In the SU(3) case this corresponds to modding out by the v deformations.
This implies that N is a fibration over Q

CP3xCP3 —— N
l (2.110)

Q

with fibers
0(6)/U(3) x O(6)/U(3) ~ CP3 x CP3. (2.111)

Although the fibers admit a complex structure, it appears that with respect to the special
Kéahler metric on N this is not a complex fibration, and so there is no natural complex
structure or Kéhler metric on Q. Note that in the restricted case of SU(3) structures the
corresponding fibration is by a single CP? factor.

We see that in the full theory reducing to the physical degrees of freedom in g and B
takes us away from the usual form of N = 2 supergravity: first since NV is not a product, and
second in that there is no natural special Kéhler structure on Q. Of course this is related
to the fact that keeping the SU(3) triplets correspond to additional spin—% gravitinos and
additional vectors and scalars which enlarge the N = 2 multiplets to multiplets of higher
N. More precisely, if we also include all scalar fields from the RR-sector the combined field
space would be the N = 8 coset Fr(7)/SU(8). Here we concentrated only on the metric
and B-field deformations and hence only discovered the NS-subspace Q given in (R.109).

In summary, we have seen from Hitchin’s results that there are natural special Kahler
metrics on the spaces of SU(3,3) structures given by spinors *. In the special case of
SU(3) structures (.J, p) together with the two-form field B, we have the Kahler potentials

4
e KT = |ePTANTAT,
3 (2.112)

e K =iQnQ .

These are the obvious generalizations of the corresponding Calabi-Yau Ké&hler potentials
and correspond to the Hitchin functionals H(x*) where x* = Re(2ce=571/) and x~ = np.
The construction generalizes to SU(3) x SU(3) structures simply by taking x~ to be a
generic (stable) odd-form, this is, with one-form and five-form pieces in addition to p. If
we ignore all triplet representations these Kéhler potentials give the metrics calculated
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directly from supergravity. In addition all the degrees of freedom in J and p are physical.
If we drop this condition we must impose the SU(3) structure constraints (R.105) and mod
out by the non-physical deformation v. The resulting structures are not naturally special
Kahler manifolds but this is not surprising since in this case we must include additional
multiplets which modify the scalar field sector.

2.5 Supersymmetry transformation of the gravitinos

So far we concentrated on the moduli space M of metric deformations and showed that it
can be universally determined independently of the specific class of SU(3) structure under
consideration. We have seen that the “kinetic terms” in the type Il supergravity are realized
in terms of a special Kéhler sigma model metric on M with a Kéhler potential given in
terms of the corresponding Hitchin functionals. Let us now turn to the contributions of
the “potential terms” that is terms without derivatives in the 7%3 bundle.

In supersymmetric theories the potential is given generically by the sum of the squares
of the scalar part of the supersymmetry tranformations of the fermion fields. Furthermore
for the fermions in the vector, tensor and hypermultiplets this scalar part of the variations
is determined by derivatives of the scalar part of the gravitino variation [[/4]. Or in other
words the transformation of the gravitino is the fundamental quantity from which one
obtains all terms in the potential by appropriate derivatives.

In four-dimensional N = 2 supergravity the transformation of the gravitinos has the
generic form

6Yau = Dyea+iv,Sape® (2.113)
where 4 with A = 1,2 are the two supersymmetry parameters of N = 2, while ¢? are the
conjugate spinors . In terms of the ten-dimensional decomposition (2.3), we have e4 = 6ﬁ
and ¢4 = ¢4, Syp is an SU(2) matrix® which can equivalently be expressed in terms of
three Killing prepotentials P*, x = 1,2,3 via

_5903 _63[:1 _ 7:6$2 (2‘114)

. 1 ex2
Sap = %Q%KVJQBP:B, OAB = (596 o o ) ;
where Ky is the Kahler potential of the vector multiplets. The three P* can be viewed as
the N = 2 equivalent of the N = 1 superpotential and the N = 1 D-term. Together with
its derivatives, S (or P*) determines the scalar potential.

In the spirit of this section we now want to ‘lift’ this discussion to the full ten-
dimensional theory in a background with SU(3) structure. To do so we simply compute
the supersymmetry transformation of the gravitinos which reside in the gravitational mul-
tiplet and write it in a form analogous to (B.11J). From the result we then read off the

ten-dimensional analogue of Sap or P~.

8The four-dimensional N = 2 theory has a local SU(2)r symmetry which rotates the two (complex)
gravitinos ¥4 ,, into each other. In ten dimensions it arises from the O(2) rotation of the two ten-dimensional
Majorana-Weyl fermions into each other together with additional generators which, as we will see, arise in
the decomposition (), () This SU(2)r is unrelated to the SU(3) or SU(3) x SU(3) discussed so

far in this section.
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In tables i, f and [} we determined that the gravitinos in the gravitational multiplet can
be easily identified as the SU(3)-singlet of ¥,,. However, the supersymmetry transformation
(2.113) in addition requires that its kinetic term is diagonal and no mixed terms with the
spin—% fermions occur. This determines the gravitino as a particular linear combination
among the fermions which now determine.

We start from the canonical ten-dimensional kinetic term for Wjy;. Here it is actually
most convenient to start in the ten-dimensional Einstein frame with metric gg related to
the string frame metric ¢ by gg = e %/2g, since the conventional gravitino field in this
frame has no derivative coupling to the dilatino field. The kinetic term then takes the form

1 _
SQWmmf:—ET- A% /=g U TMNP DN | M,N,...=0,...,9. (2.115)
10

One can immediately see that the simple split ¥y = (¥, ¥,,) does not lead to diagonal
kinetic terms. Instead we have to redefine the gravitino according to

1
Wy =Wyt S0V (2.116)

where I')™ = g" ', When inserted into (R.119) one easily checks that \ilu now has a
diagonal kinetic term and therefore should be identified as the field which transforms as in
Em).

Using (R.11]) and the fact that we need to focus on the singlet part of v , We can express
\ifﬂ in terms of the SU(3) singlet spinors 7+. For type ITA we thus have

VA = g @+ 1 @+

@HA

(2.117)
0= U2 @y F e @n + ..,

where we omitted the triplets. The indices 1 and 2 distinguish the two gravitinos which
have opposite chirality in ITA. By slight abuse of notation we use plus and minus to indi-
cate both four-dimensonal and six-dimensional chiralities, respectively. In type IIB both
gravitinos have the same chirality (which we take to be negative) and thus the appropriate
decomposition reads

VB = e @+ YA @ns+...,  A=1.2. (2.118)

Recall that there is a similar decomposition of the supersymmetry parameters given in
eqs. (2.3) and (R.4). For simplicitly let us consider in the follwing the special case where we
have a SU(3) structure rather than a SU(3) x SU(3) structure and thus take n} = n? =n,.
(The computation for a more general SU(3) x SU(3) structure will be presented elsewhere.)

In type II supergravity the supersymmetry transformation of the gravitinos in the
Einstein frame is

1 _

e(5—n)¢/4 N N
n:
n
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We are using the democratic formulation of [B{], for which the sum is over n = 0,2, 4, 6,8,
P=Ty and P, = —(Fll)"/zal for ITA. For IIB we have instead sum over n = 1,3,5,7,9,
P =—0%and P, =io? forn=1,5,9 and P, = ¢' for n = 3,7. Furthermore,

F,=dC,_ 1 —HNCj_3 (2120)

are the modified RR field strengths with non standard Bianchi identities.

Turning on only fluxes that preserve Poincare invariance, and using the duality relation
F, = (—1)Int["/ 4 % Fl9_n, we can write the supersymmetry transformation in terms of only
internal fluxes F;,, n = 0,...,6. For instance a non-zero F; with only p-type indices is
traded for a “internal” Fg with m-type indices. In (R.119) this gives twice the contribution
for each flux but now n only takes the values n =0,...,6.

To extract the supersymmetry transformation of ¢;1 we need to project onto the SU(3)-
singlet part of the variation of the shifted gravitino \ifﬁ Given the normalizations of 74
the relevant projection operators are

M =1®2(ne @17+) - (2.121)

In order to extract the supersymmetry transformation of v, we should use II; (or II_)
when dealing with a 10-dimensional positive (or negative) chirality spinor. To match our
definitions in the previous section, we will also rewrite the variation in terms of the string
frame metric g = e?/2g in the following. This introduces additional factors of the dilaton
into the expressions in (R.119).

Let us first focus on type IIB for which we evaluate, in the string frame,

~ 1
L0V, = Dyey @n- — 18 (=" Hypnpp) 7#036— @ 1-

1 _
T (e‘z5 n—vm"”manp) Yot @
: (2.122)
=Djef @n- — 9% (,™"P Hyppp) 'yuage_ ®n_

— % (e¢ Qnm"menp) fyuale_ Qn_,

where the second equation used (R.12) and the decomposition of the ten-dimensional

gamma-matrices given in (R.3). Similarly we compute

1 . _ 1, _
ST 0 = = (19" D) e~ @0+ 16 (19" Honnp) a0~ @1

1

+ E <e¢ ﬁ*Wmnanranp) 7#0157 ® n—
3i i

= = TWime- @0+ o5 (™" Honnp) Yot @ -

i
+ 3 <e¢ Qnm"menp> yuale, Rn_ .

(2.123)

In the second equality we used Dy = £Wignny™n— + ... (see [B3]), which follows from

(2.12) and (R.15). We omitted terms involving the other torsion classes that vanish when
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inserted in the bilinear expression 7_y™D,,n4. From (R.15) we read off W; to be

i

36
Inserting (2.123) and (R.123) into (R-116) and comparing to (.113) we arrive at

Wy = —— (A )np ™™ (2.124)

. mn
51124—8(1dJ+ H) Qn p

mnp ’

1
52224—8(1dj— H)

1
Sip = 5% = 4—86¢ Fopnp Q™

QP (2.125)

mnp ’

We can write the matrix S in a compact form, which uses the Mukai pairing defined

in (2.39):
Sap(IIB) = é (WC;BP WQ_BP> (2.126)

where
Wey = (Q,de)
Pey = (), Hs) (2.127)
Qpeg = e? <an ) .
Here we have used ) . )
eg:EJ/\J/\J:§Q,7/\Q,7 (2.128)

denoting the volume form defined by the (string frame) metric g, and Fg = F; + F3+ F5
is the sum of all IIB RR field strengths defined in (R.12() (out of which only F3 contributes
to the superpotential).

A similar calculation can be done for type ITA, where we need to use both I, and I1_
since the two ten-dimensional gravitinos have opposite chiralities. For the RR piece, we
get the following terms in the supersymmetry transformation

(_1)n/2 @ = APl.-Pn 1 @ = APl-Pn
Y. R 1 = Y = By AT
n even : n even

1 i 1 i
= ¢ <F0 — 5Fapd "™ = S Fupead ™ T +

2 e Fopedes J° T JoI ) . (2.129)

This term can also be written using the Mukai pairing defined in (£.38) as’

i 1 i
(Fo = 5 Fap = S Fapead ™ T+ 2

3 48Fabcdeft]ab Jed Jef> €g = <e_i‘], FA> . (2.130)

where F = Fy + F> + Fy + Fg.

9Note that <efi", FA> =[FA e”]e, where the subscript 6 indicates the top form component, and the
change in the sign of the exponent accounts for the alternating sign in the definition of the pairing, eq. )
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To see explicitly the complexification of e/ into e~!, where t = B 4 iJ as in (2.83),
one transforms the RR terms into another field basis defined by C' = e® A. This transforms
the field strength defined in (2.12(]) according to

Fyy, =dCo,—1 — HANCop—3

(2.131)
= (PGr)an = Gon + BAGoy 2+ -+ B"AGy ,

where we defined Go,, = dAs,_1 and Gy = Gg + G2 + G4 + Gg. In this basis the expres-
sion (Z-I30) is replaced by (e7/, Fy) = (em(BH)) Gy).
Collecting all the pieces together, we get for type ITA the following matrix S:

Sap(ITA) = é (WZQ;AP W;?_Ap) 7 (2.132)

where P and W are defined as in IIB ( are their complex conjugates), and

P, W
Qrey = e <e—(B+iJ>, GA> . (2.133)
Using the constraints (R.105) J A 2, = B A Q,, = 0 we can rewrite the W and P terms as

We, = <ei‘], dQn> ,

2.134
Pey, = <eB, dQn> . ( )

To complete the analysis we would like to write the expressions for S4p in terms of
the Kéhler potentials K; and K, and the unnormalized pure spinor fields 2¢ e B and
Q. First we recall that the natural metric (R.21]) on 713 is gfﬁ) = e=20 g+ Since there is
a 7, term multiplying Sap in the gravitino variation (B.113), the correctly normalized Sap
matrices should be multiplied by a factor of ¢, Given the definitions (R.112) of Ky and
K, and the definition (E:21)) of the four-dimensional dilaton ¢(*), we note that the different
six-forms are related by

I K, Ik, —264) +2¢
= = — = . 2.135
= §le” 82" ¢ (2.135)

Thus the correctly normalized ITA and IIB matrices S can be written as

K46 at am I op@ /oyt
" e [ (@t dD >—ﬁe¢ (T, Ga)
SYp(IIA) = ie2 T Ve : (2.136)
_ﬁm (2T, Gp) 2™t (ot do7)
LR 4@ jq— qaty L og@ o
w A (D7, doT) ﬁyZb (®7,Gg)
SYp(IIB) =ie2fr 1 v ) : (2.137)
2—\/§e¢ (07,Gp) 279 (@7 ddT)
where
T =ce PV T =0qQ. (2.138)

,36,



In deriving the expressions (2.136) and (R.137) we have used the fact that the constraints
BAQ = JAQ = 0 imply that there are no contributions from terms with dc or de. We have
also made a U(1)r ® SU(2)r R-symmetry transformation to remove explicit dependence
on the phase of ¢. These constraints also ensure the invariance of SX% under rescalings of ¢
and Q. Finally, we have also used the fact that BAQ = 0 to replace Fg with Gp, defined in
exact analogy to G in (R-131)).1° Recalling that e %7, e=%¢ and =20 are all six-forms,
overall, SX% transforms as a section of (A®F*)~1/2, This dependence arises because of the
rescaling by ™.

Comparing (R.13() and (2.137) with (2-114), and recalling that for ITA Ky = K while
for IIB Ky = K, we can read off the Killing prepotentials P*. For type IIA we obtain

Pt = —2c2 5otV (& qRed),

P2 — _9p5Kptol (eF,dIm ™), (2.139)
1 oy
P3 — Eemﬂ <CI)+,GA>7

while for type IIB we find

Pl = —2e3549" (= dRedT),

P2 = 23 Kste® (®7,dIm ™), (2.140)
P? = _%e%(“) (3°.Cp).
Note that in both cases that P* transform as scalars since though the Mukai pairing is an
element of ASF*, this dependence is canceled by the Kéhler potential and ¢ factors.

If we turn off the RR fluxes we see that in both cases only P! and P? are non-zero.
Since the P* are SU(3) singlets only singlet terms can contribute. In particular, from (R.15)
and (R.16) we see they only depend on the singlet torsion class W; ~ dJ A Q as we also
already observed in (R.124). Furthermore W7 is complexified by H A €, the singlet part
of the NS flux. The RR fluxes, which in both cases enter P2, appear only in the singlet
representation.

Eqgs. (R.139) and (R.14() are quite generic. The only restriction was that we assumed

there is a single SU(3) structure and not the more general situation of an SU(3) x SU(3)
structure. The key difference between these cases is that ®~ is not generic but contains
only the holomorphic three-form piece £2. More generally it would include one- and five-
form pieces. The precise details of the corresponding derivation of the prepotentials P*
are beyond the scope of this paper and will be presented elsewhere. Nonetheless, given the
simple form the final expressions in terms of ®* we conjecture that (P.139) and (P.140)
actually continue to hold also when ®* are generic SU(3) x SU(3) pure spinors.

Let us also briefly discuss mirror symmetry which states that type IIA and type 1IB
are equivalent when considered in mirror symmetric backgrounds. For a pair of mirror

0T ater in section E we will split the field strengths into an exact piece, plus a flux piece (see, for

example, (B.39)).
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Calabi-Yau manifolds even and odd cohomologies are interchanged He'*" « H°dd Tt has
been suggested that on manifolds with SU(3) structure this operation is replaced by an
exchange of the two pure spinors Q < ¢~ 2~/ and the exchange of A®Ve? F* « A°dd [+ B
More generally we expect the exchange of SU(3) x SU(3) pure spinors and fluxes

Ot — O, Ga < Gg. (2.141)

In the generic SU(3) x SU(3) case, we see that (.139) and (R.14() indeed have this
symmetry (provided we also exchange K; and K p).ll However, recall that the expressions
were derived assuming only an SU(3)-structure where ®~ is restricted to be the three-
form Q while ®T = ce 571/ is generic. In this case Q and e 5?71/ enter asymmetrically
into (R.139) and (R.140). As we already observed in P! and P? only d(B +iJ) A appears.
Thus the three-form € fully contributes while out of e=#~1/ only the two-form B +1i.J but
not its square (B + iJ)? appears. This is precisely the issue of the missing mirror of the
magnetic fluxes. In [[[3, [[§] it was observed that dQ can be interpreted as a NS four-form

which is the mirror dual of the NS three-form H. However in order to have full mirror

symmetry a NS two-form is also necessary. The four-form can be viewed as giving rise
to electric fluxes while the (missing) two-form would lead to magnetic fluxes. Within the
framework followed here the NS two-form and thus the magnetic fluxes are still missing.
From the structure of (2.139) and (R.14Q) it is clear the NS two-form should be identified
with the exterior derivative of the one-form part of ®~ which exists in backgrounds with
generic SU(3) x SU(3) structure.!? This is also in accord with similar recent suggestions
for example in ref. [B1, BJ]. We will return to this issue again in section B.6.

2.6 N =1 superpotentials

In the spirit followed so far in this section we can further constrain the space-time back-
ground to only realize four supercharges linearly. This results in a further split of the
N = 2 multiplets which we discussed in section P.2. In particular, the N = 2 gravitational
multiplet decomposes into a N = 1 gravitational multiplet containing the metric and one
gravitino (g,.,¢,), and a N =1 spin—% multiplet containing the second gravitino and the
graviphoton ( ;,CM). Exactly as in N = 2, the appearance of a standard N = 1-type
action requires that we project out the N = 1 spin—% multiplet leaving only the grav-

itational multiplet together with vector, tensor and chiral multiplets in the spectrum.'?

From a supergravity point of view such a truncation has been discussed in refs. [84] while
the truncation occurring in orientifold compactifications of type II has been studied in
ref. [85, B4].

We compute the N = 1 superpotential W from the supersymmetry transformation of
the linear combination of the two N = 2 gravitinos which resides in the N = 1 gravitational

multiplet. Exactly which linear combination is kept depends on the specific theory under

"For the expressions given we also have to map (P2, P3) — (=P? —P?) in going from ITA to IIB, but
this is just an element of the SU(2)r symmetry and is simply an artifact of our conventions.

12This has also been noticed by T. Grimm and we thank him for discussions on this point.

13 Alternatively one can integrate out the spin—% multiplet and consider an effective action below the scale
set by the mass of that multiplet [E]
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consideration. As a consequence W will depend on two angles which parameterize the
choices of embedding an N =1 inside N = 2.

We proceed by choosing the N = 1 supersymmetry transformation parameter € to be
any linear combination of the pair of N = 2 parameters €' and 2. We parameterize this
freedom by writing

EA = €Ny, ng = <Z> , a2+ p=1, (2.142)

where ¢ is the N = 1 supersymmetry parameter and n4 is a vector normalized to one so
nn4 = 1 with a and b complex. Choosing such a linear combination breaks the SU(2)g
symmetry of N = 2 down to a U(1)g of N = 1, corresponding to those rotations preserving

n. The conjugated spinors e can be written as e = e“n*4 where ¢ is the conjugate

N = 1 spinor, and n*4 = (%) We can similarly decompose the gravitinos 4,. If 9,
is the NV = 1 gravitino, the superpotential W can be extracted from the supersymmetry

variation which has the generic form

3, = Dy + il Wy e | (2.143)
where K is the total N = 1 Kihler potential. We can use the projector II,? = n n?
to pick out the N = 1 gravitino and supersymmetry parameter. Projecting the N = 2

variation (R.113) we find
by = Dye + in Sapn* Pry,e” (2.144)

Comparing (R.144) with (R.143) using (R.114) we arrive at

K2 = %eK‘//z { ((:os2 ae? — sin? ae_iﬁ) pl

—i ((:os2 ael’ +sina e_iﬁ> P? — sin 2@773] ., (2.145)

To get this expression, we have used the fact that the superpotential depends on the sum
of the arguments of a and b only by an overall phase, which can be removed by a U(1)g
transformation. We can therefore parameterize a and b using only two angles, «, 5 as

a=cosae 2 , b=sinaes” . (2.146)

From (R.145) we see that in both cases, type ITIA and type IIB, the N = 1 superpotential
depends on the fluxes and the torsion class Wy via P*. In addition it also depends on the
two angles «, 8 which fix a U(1)g subgroup inside the SU(2)r of N = 2. The fact that
a classification of backgrounds with SU(3) structure in type II needs only two angles was
indeed anticipated in [2€].

In order to give the N = 1 Kéhler potential in terms of chiral multiplets one first
needs to determine the complex structure on the field space which in general is an involved
procedure [63, BY, Bd]. However, here we do not need K in any explicit form but instead
it is sufficient to give it in terms of N = 2 quantities. By inspecting the appropriately
normalized (i.e. Weyl rescaled) gravitino mass term one determines the generic relation

K=K;+K,+20Y . (2.147)
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Let us stress once more that (R.147) does not express K in proper N = 1 chiral coordinates
but in terms of N = 2 coordinates. However this is all we need in order to insert (R.147)

into (R.149) and using (P.139), (R.14() we arrive at

iWia = cos?ae® (@, dd7) — sin2ae (@, dD) + |n|sin 20 e? (®F,Ga), (2.148)
and

Wi = cos® ae’ <<I>7,d<I>+> — sin2ae™ <<I>7,dcf>+> — |e| sin 2a e? <(I>7,GB>. (2.149)

Note that we have written these expressions in terms of the ten-dimensional dilaton ¢.
For specific choices of a, 8 we can reproduce the N = 1 superpotentials discussed so

far in the literature. If we choose 2ae = — = 7/2 and undo the change of variables from
G3 to Fy in (P.149) we obtain the Gukov-Taylor-Vafa-Witten superpotential [[0], F9'*

Warvw =ilc|e? ((F5 — 7H3),Q) | (2.150)

where 7 = Cy +ie~?.
On the type ITA side the mirror symmetric superpotential for only RR-fluxes as sug-
gested in [[71] is obtained from (R.148) for a = m/4 and d®~ = 0

WA rr = —i|c[ne? <€_(B+i‘]), GA> . (2.151)

The type ITA mirror superpotential of the NS-fluxes was proposed in [I[J] and it can
be recovered from (R.14§) with the choice @ = 7/2 and = —7/2

Whaltflat = |c| <e_(B+iJ), dQ> - (2.152)

Finally, the superpotential proposed in ref. [i7] is expressed in terms of the periods of
a mirror pair of Calabi-Yau threefolds. The resulting structure is similar to the superpo-
tentials (R.14§), (R.149) and it would be interesting to establish a precise relationship.

Having obtained the most general N = 1 superpotential, let us go back to N =2 and
discuss the truncation to four space-time dimensions.

3. The N =2 effective theory in four dimensions

In the previous sections we studied the ten-dimensional type I supergravities in spacetimes
M where it is possible to single out eight of the original 32 supercharges. However so
far we simply rewrote the ten-dimensional theory keeping all of the modes in the theory.
In other words we did not yet perform any Kaluza—Klein reduction. In fact, we have not
even assumed that MY is a product. Generically it only required that M9 admitted
an SU(3) x SU(3) structure, or, in the special case we considered in detail, simply an
SU(3)-structure.

14The NS contribution to this superpotential was verified in the heterotic theory using the supersymmetry
transformation of the gravitino by a calculation similar to the one we do to obtain the N = 2 prepotential
in [@] This “GVW choice” corresponds to the relation a = —ib, which gives precisely the N = 1 conserved
spinor in compactifications on (conformal) CY with fluxes
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In this section we turn to a more restricted situation. First we will assume that we

have topologically a product manifold
MY = M3 <Yy . (3.1)
Comparing with the generic case (P.4), we identify
™3 =TMY? 6  F=TY. (3.2)

We then truncate the general ten-dimensional eight-supercharge theory, keeping only a
finite number of “light” modes in the spectrum. This in turn will lead to a four-dimensional
effective theory with N = 2 supersymmetry. For simplicity, we will not discuss the general
situation where there is an SU(3) x SU(3) structure but instead confine our attention to
backgrounds Y with only SU(3) structure. In addition we define the truncation in such a
way that apart from the gravitational multiplet only vector-, tensor- and hypermultiplets
are present in the effective theory. In particular we project out all possible spin—% multiplets
and in this way end up with a “standard” N = 2 effective action.

3.1 Defining the truncation

Generically the distinction between heavy and light modes in a Kaluza—Klein expansion
on the product (B.I]) is not straightforward. This is in contrast to the situation when Y
is a Calabi-Yau manifold. In this case one keeps all the field deformations which from
a four-dimensional point of view are massless modes. For each supergravity field these
correspond to harmonic forms, and hence the light (massless) modes are finite in number.
For instance, of the metric deformations given in section P.3.9, the massless modes are
in one-to-one correspondence with harmonic deformations of the Kéhler-form J and the
three-form p. These give the h! Kihler moduli and h?! complex structure moduli, where
Y1, h?1 are the appropriate Hodge numbers. Similarly massless deformation of B,,, and
the RR-potentials ), are in one-to-one correspondence with harmonic two- and p-forms
respectively. The result is that, for a Calabi-Yau compactification, rather than considering
J, p, B and C), to be forms on Y we truncate to the finite dimensional sub-space of harmonic
forms.

This suggests that we should take a similar truncation in the generic case — not to har-
monic forms but some other finite-dimensional subspace of A*F™*. Identifying the subspace
however is not a simple task. If we start with a background (like a Calabi-Yau mani-
fold) which satisfies the equations of motion, we can truncate to the massless fluctuations.
However generically the background is not a solution. An example of this is a Calabi-Yau
compactification with non-zero H or RR flux. Typically in this case one still keeps the
harmonic deformations even though some of them become massive. This can be justified in
the limit of large manifolds and small fluxes by the fact that there is a hierarchy between
these masses and those of the Kaluza—Klein modes. Similar arguments can be made for
mirror half-flat manifolds in the large complex structure limit [[[§]. Here, for now, we will
simply assume that a suitable limit can be found where it is consistent to keep only a finite
number of “light” modes and not specify how this subset is defined.
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Let us be more specific. We wish to restrict to a set of finite-dimensional subspaces of
APF*. We write these as
AP

finite C APF” (33)
and assume that all the fields g, B, ¢ and C), take values in these subspaces. In particular,
to describe the metric degrees of freedom, we assume that we have O(6,6) spinors y* =

2Re(ce ™ B7) € AZn and x~ = 2np € A} ... We then define the spaces of stable forms

U = Uy 0 At

. 3.4
Ugmte - Up N Agnite ( )

where U; and U, are the spaces of stable forms defined in (R.77) and (R.8). We assume

finite finite even 3
that U™ and U, are open subsets of AFS? and Aj .,

Crucially the truncation should not break supersymmetry. This means that the special

which is generically the case.

Kahler metrics on the spaces U; and U, give special Kahler metrics on Uf,inite and Upﬁnite.
This is equivalent to requiring

even/odd

1. the Mukai pairing (-,-) is non-degenerate on Ag ../~

2. if X:I: c U}}nite or U;inite then )A(:t c U}}nite or U;inite’

where the Mukai pairing is defined in (P-3§) and Y= are defined in (P-53) and (P-90). The
first condition implies we have symplectic structures on U}inite and Upﬁnite, the second that
we have complex structures. Note that the second condition is equivalently to

2/ if x* e U}}nite or U;mite then T € U}}nite or U;inite,

where * is the Hodge-star operator defined by the metric g (which is in turn defined by the
particular x™ and x 7).
As in the Calabi-Yau case we can define AL ..

C A?PF* we write

in terms of sets of basis forms. For

. 2p
instance for Aﬁnit o

AF* D AD . = {constant functions on Y}
A?F* D A% = {A%,, a=1,...,b;}
AF* D Af o = {Ba@®, a=1,...,bs}
A6F* 2 Agnite = {CE}

(3.5)

where w, are a set of basis two-forms, @* a set of basis four-forms, € is a volume form
and A%, B, and C are constant functions on Y. The condition that the Mukai pairing
is non-degenerate on AR is reflected in the fact that AZ ... and Aﬁnite have the same
dimension b;. Specifically we choose the basis (1, wg, &b, €) such that

<wa,d)b> = —§,0% , a,b=1,...,by, (3.6)

(Recall all other products vanish identically, except for (1, €) which equals € by definition.)
Note that this expansion is not quite general in that we have assumed that Agmte is spanned
by constant functions on Y. The reason for this will be explained below. Finally, in order
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to impose the second condition 2.” above, in analogy with the Calabi-Yau case where w,
and @® are harmonic, we allow the basis vectors in general to depend on the metric g, so
that

x1 e AS *we € AR oo, «0® € A2 o (3.7)

finite >

for all a.
For the odd forms we choose a more restricted truncation. First for the three-forms

we define, as above,
NF* 5 A e = {D¥ax + ELf*, K,L=0,...,b,} (3.8)

where DX and Ej are constant functions on Y and ag, 8% € A3F* are a symplectic set of
basis forms satisfying

(ak,BY) = kte, K,L=1,...,b,, (3.9)
while (ax,ar) = <BK,ﬁL> = 0. In addition we require
*QR, *ﬁL € A%nite (310)

for all K and L.
At this point we further simplify the truncation by imposing an additional condition.
For the one- and five-forms we choose to truncate the spectrum completely, keeping no

light modes, so
A%inite = Agnite =0. (311)

We make this choice because we want to truncate in such a way that a ‘standard” N = 2
gauged supergravity appears which only contains one gravitational multiplet together with
vector, tensor and hypermultiplets. In particular we do not allow the presence of any spin-
% multiplets. In terms of the gravitinos this amounts to keeping only the two gravitinos
in the gravitational multiplet but projecting out all other gravitinos which may reside in
spin—% multiplets.

From the decomposition of the ten-dimensional spinors given in (R.11) and tables [
and [ we see that the SU(3) singlets correspond to the gravitinos in the N = 2 gravitational
multiplet while the SU(3) triplets lead to gravitinos which reside in their own spin-2 mul-
tiplets. Of course the triplets are nothing but (1,0)-forms on Y with respect to the given
complex structure. Therefore excluding spin—% multiplets in the truncation we are led to
project out all modes arising from one-forms (or triplets) on Y. In this case one is left with
the multiplets given in tables [| and [f. For consistency it also implies that we should not
be able to construct any 3-representations from the bases (ag, 3%) and (1,w,, &%, ¢€). This

means that any five-form wedge products must vanish, so
wahag = 0 = wa ABY Va, K . (3.12)

Thus J A p = 0 holds identically for all J € AZ .. and p € A? . .10

15This also removes the subtleties involved in the fact that generically multiple SU(3)-structures (J, p)
on Y determine the same metrics gmn: here, up to an overall rescaling of Q, = p + ip by €'®, each metric
corresponds to a unique pair (J,p) € AZnie ® Adnite
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Our assumption is that, in the truncation, all fields will be expanded in terms of
elements of Ag .. .. As we have seen in section R.H, the supergravity action also depends
on the intrinsic torsion df2 and dJ through the superpotential terms. Similarly the field

strengths H and F}, are written in terms of exterior derivatives. In order for the truncation

*

finite- 10 other words we

to make sense all such terms also need to be in the truncated set A

require Af ... to be closed under d, that is

d: AP AREL (3.13)

finite

Since A%nite = ( this means that Agnite must contain only constant functions, as, in fact,
we have already assumed. Since A? ... = 0, the condition (B.I3) implies that the rest of

the forms in the basis of Af/Sh satisfy

K L
dwa:ma aK"'eaLB 5

3.14
da® =0, (3:14)

K

K and e,y, are constant matrices. Since the basis defined by (B.9) is only specified

where m
up to symplectic transformations the matrices mX and e, also carry a representation
of the symplectic group Sp(2b, + 2) and naturally combine into the symplectic vectors
Vo := (earc, m).

Similarly expanding dax and dB%, and using (B-12), have

(Wa,dag) = —we ANdag = dw, A ag = — (o, dwy) - (3.15)
Together with (B.14) and a similar expression with dg%, this implies

~a
d(XK = €uKW ,

3.16
dpl = —mEge (8.16)

Using d? = 0 yields the consistency condition
mf epK — eang( =V,-V, =0, (3.17)

or, in other words, the symplectic vectors V, have to be null with respect to the symplectic
inner product. The conditions (B.14), (B.16) and (B.17) have also been obtained in ref. [[(J]
using consistency considerations of N = 2 gauged supergravity. We are also going to see
their necessity from the requirement of four-dimensional gauge invariance in sections B.3

and B.4.

Finally, let us note that when Y is compact we have a natural map from A . to R

finite
given simply by integrating the six-form over Y. In particular, the Mukai pairing leads to
. dd .
a natural symplectic structure on Ag‘;ﬁﬁe/ °°% given by
+ +  +
ot = [ (). (315)

If we fix the volume form e such that fY € = 1 this coincides with the symplectic inner
product w(¢F, x) on the corresponding Spin(6, 6) spinors. This is the symplectic structure

€
which naturally appears in a Calabi-Yau truncation. Note that one then also has a natural
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definition of the Hitchin scalar functional
Hy () = [ HOE), (3.19)
for forms x* € Aever/odd,

3.2 Reducing the Neveu-Schwarz sector

Let us first discuss the truncation of the Neveu-Schwarz sector since it is common to both
type II theories. This sector contains the metric, the two-form B and the dilaton ¢. Since
we defined the truncation in such a way that all triplets are projected out we see from
table [I| that only ¢uv, gmn, Buv, Bmn, and ¢ survive in the NS-sector. The Spin(1,3)
singlets g, B,, and ¢ trivially descend to the four-dimensional theory. In complete
analogy to the generic relations (R.21)), we define four-dimensional Einstein frame metric
g,(ﬁ,) and the dilaton ¢ which together with B, becomes a member of a tensor multiplet
in both type II theories as seen from tables [f| and fl. The difference now is that these fields
depend only on the four space-time coordinates of M3,

We already argued that instead of g,,, we can discuss the theory more conveniently
in terms of J and p. Our definition of the truncation assumed that J (and By,;) and p

have an expansion in terms of a basis of A%mte and A%mte respectively. The conditions

p
finite

descend to U}}nite and U;mite. As a consequence we can take the results of section R.4 to

on the spaces A arose because we wanted the special Kahler metrics on U; and U, to

give expressions for the corresponding Kéahler potentials.
Consider first the metric on Uf,inite. In the truncated space the complex O(6,6) spinor
&1 has the expansion

ot =ce B = X0 4 X%, — Fu0® — Foe (3.20)

where if we expand
B +iJ = t%w, (3.21)

then we have complex coordinates on U}}nite
X4 = (X%, X) = (¢, —ct"). (3.22)
The Hitchin functional Hy (®%) is given by
Hy =1 (XAZ4 — XAF1)

4 1 3.23
e [anang= oo -pre-e-o 0P
Y
where Kqpe = [y wa A wp Awe and Fy = (Fo, F).
For Ugnite, the complex three-form &~ has the expansion
" =Q=28ag - Frp", (3.24)

now defining complex coordinates Z% on Ugnite. The corresponding Hitchin functional is

Hy = i(Z5Fx — 25Fy) = —i / QnQ. (3.25)
Y
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Since we have truncated in such a way to remove the triplet degrees of freedom, we
necessarily satisfy the SU(3) conditions J A p = B A p = 0, as a result of eqn. (8.13).
Furthermore, the extra deformations which modify the SU(3) structure but leave g invariant
are also projected out. Thus none of the subtleties discussed in section is of any
concern here. Instead the moduli space of metric deformations is simply

fini i i
M nite _ M%nlte « Mﬁmte (3.26)

where Minite and Mgnite are the spaces UMi* and Ugnite modulo rescalings of ¢ in T

and the magnitude and phase of €2 in &, that is
M%nite — U‘i}inite/c* , M/ﬁ)nite — Ulijnite/(c* ) (327)

These spaces can be parametrized by the local “special” coordinates t* = X%/X°% and
2P = 7K /70, In the latter case we isolate one (labeled ag) of the ax, and assume that we
can consistently scale its coefficient to unity when expanding 2. The corresponding Kéhler
potentials are

4 , _

K;=-In Hy:—ln/ §|c|2J/\J/\J:—1ni(XA}"A—XA}'A) ,
Y (3.28)

Kp:—lnHy:—lni/Q/\Q:—lni(ZKFK—ZKFK) :
Y

Note the natural scalar Hitchin functionals (B.19), allow us to define scalar Kahler poten-
tials, as should appear in a four-dimensional theory, rather than the six-forms e % and
e K» that appear in the general ten-dimensional theory of sec. BA4.

These expressions coincide with the Kéhler potentials for the moduli space of Calabi-
Yau manifolds. This is a consequence of the fact that the presence of torsion does not
affect the kinetic terms for the fields but only the superpotential as we already argued in
section P.4

Using (B.21]), (B-24), (B.14) and (B.16) we see that both J and € are not closed but
obey

dQ = (Z%eax + Fxml) a*
dJ =Imt* (mfozK +earBY) (3.29)
dJAJT) =0,

where the last equation is a direct consequence of the fact that there are no one- or five-
forms in the truncated subspace. Comparing (B.29) with (R.15) we infer that the torsion
classes Wy, Ws and W3 can be non-trivial while W4 = W5 = 0. Of course, this is precisely
due to the fact that we are dropping all 3 and 3 representations and both W,y and Wj are
triplets.

From (B.29) we see that the non-zero torsion is parameterized by the (constant) matri-
ces eq and mX. They can be chosen arbitrarily and only have to satisfy (B.17). Ref. [[L3]
considered the special case mX = 0 = e,;, or in other words kept only eqo # 0. From (B.29)

a
we learn that this implies d2 = Z%,0@%. Put differently, for m& = 0 = e,,, Q satisfies
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multiplet multiplicity | bosonic field content
gravity multiplet 1 (Guws AY)
vector multiplets by (Ag,t*)
hypermultiplets by (2%, €% &)
tensor multiplet 1 (BSY, 6,69, &)

Table 7: N = 2 multiplets for Type ITA supergravity compactified on Y.

additionally dIm 2 = 0. This in turn implies that the torsion class Wy & Wy is real and
such SU(3) manifolds are called half-flat [[H].

Let us now turn to the Ramond-Ramond sector and discuss the truncation of the
ten-dimensional fields. As we will see local gauge invariance gives a separate argument for
the relations (B.14) and (B.16). Since the Ramond sector differs for type IIA and type 1IB
we discuss both case in turn. Let us start with type ITA.

3.3 The reduction of the type IIA RR-sector

The RR-sector of the ten-dimensional type IIA supergravity contains a one-form A; and a
three-form As3.1® Since we are projecting out the triplets we see from table f] that A; only
contains a singlet which again trivially decends to the four-dimensional theory. This four-
dimensional vector field is commonly denotes by A{ since it is related to the graviphoton
in the gravitational multiplet.!”

The three-form gauge potential A3 is expanded into the basis w, and (ax, %) intro-

duced in (B.9) and (B.G) as
As = Af Nwa + R ak + &6 (3-30)

As before the coefficents in this expansion correspond to dynamical fields in the four-
dimensional effective action. The A{ denote b; four-dimensional vectors (or one-forms)
while ¢, &) are 20, + 2 scalars. Together with the fields from the NS-sector discussed in
the previous section they assemble into N = 2 multiplets as shown in table [f. This table
is the four-dimensional ‘effective’ version of table .

The spectrum looks the same as the N = 2 spectrum obtained in Calabi-Yau com-
pactifications [J, p4]. The difference here is that the expansion (B.30) is no longer in terms
of harmonic forms on Y but instead in terms of the forms which obey (B.14)), (B-16). As
a consequence the fields are no longer massless or in other words the forms w?, ax, 8%, o®
are no longer zero modes of the Laplace operator. Instead they are eigenvectors of A with

eigenvalues given by their masses.

16 As we already discussed in section @ there are commonly two different field basis for the p-form gauge
potentials used. They are related by C, = e® A, and as a consequence the definition of their field strength
differs. In type ITA it is more convenient to use the A-basis.

17Once additional vector multiplets are present the graviphoton is only defined up to symplectic rotations
and thus, as we will see, Ay is a component in a symplectic vector.
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The field strength of the ten-dimensional gauge potentials Aq, B, A3 are defined as
Gy =dAy , H=dB, G4 = dAs , Fi=G4+BANGy . (3.31)

Since we want to include background fluxes we split the field strengths into an exact piece
plus a flux term. Explicitly we have

Go = G +dA, H=H"+4dB, (3.52)
Fy=GY—HYANA + BAGY +dA3+ BAdA; . '
The background fluxes can also be expanded in the truncatd basis as
Gl = még wa , G = erro 0%, HY = m& ax +eo i 5, (3.33)

which defines the RR-flux parameter err o, miy and the NS-flux parameter eq g, m(lf . We
have choosen this notation for the NS-fluxes since, as we will see, they naturally combine
with the torsion parameters e, jc, mX to form the matrices

eak = (€0 K, €aK) mi = (mg,mg) A=0,....bs. (3.34)

In analogy with (B.17) the fluxes (B.33) also have to satisfy a consistency condition. They
should be choosen such that dFf = dfFfl = 0 for all fluxes. This results in the conditions

K

K
MER Mg = 0 = MiR €ak ehrM, = 0= €e}p €k , Vo-Vu=0, (3.35)

where the symplectic vectors V and their symplectic inner product are defined in (B.17).

Let us come back to the field strength (B.39) and discuss their four-dimensional gauge
invariance. The four-dimensional theory has a standard gauge invariance associated with
the (bs 4 1) Abelian gauge bosons A% = (A9, A¢) and a two-form gauge invariance associ-
ated with the four-dimensional NS two-form B§4)

Al At 40t B - BY +dey (3.36)

where ©4 are scalar gauge parameters while ©; is an independent one-form gauge param-
eter. From (B.32) we see that both Gy and H are gauge invariant but, at first sight, F}
is not. Furthermore, also dAj is naively not invariant under (B.36). This can be seen by
inserting the expansion (B.3(]) into dA3 which yields

dAs = dAf Aw, + Af A dwa + dER A ag + EXdagk + dEp A BF +£.dB"
= dAY Awg + (AEE + A mEY A ag + 8 dag (3.37)
+ (dér + Afeqr) A BE + &L dB"

where in the second equation we inserted (B.14). The terms including A¢ violate the gauge
invariance (B.34).
In order to recover gauge invariance we have to modify the transformation laws. The

two-form gauge invariance can be maintained by assigning the transformations

A? = A9 — min O (3.38)
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to the vectors. This transformation implies that one linear combination of vectors is pure
gauge or in other words this linear combination can be ‘eaten’ by the two-form B§4). As a

)

consequence B§4 becomes massive by a Stueckelberg-type mechanism as already observed

in [64).
The local one-form gauge invariance of A{' can be recovered by assigning Peccei-Quinn
type transformations to the RR-scalars €5, &,

- —otml . - & —0tear. (3.39)

In this case an appropriate fraction of the scalars €5, &), can be eaten by the gauge bosons
or in other words €% and &;, are the appropriate Goldstone bosons which render some of
the A{ massive.

Note that gauge invariance can only be maintained if we impose (B.14]) with mﬁf and
ez, being constant matrices. We could repeat the same argument in the dual formulation
of type ITA [B(] where instead of Az the dual gauge potential A5 appears. In this case
gauge invariance leads to the constraints (B.16) together with d&® = 0 of (B.14). Thus also
from this point of view one can motivate the differential relations (B.14)), (B.16) which is
essentially the argument given in [7J].

From (B.39) we also see that the torsion and the NS-fluxes precisely play the role of
Killing vectors which gauge translational isometries of the RR scalars £X and &7, in the
hypermultiplet sector. Via the standard relations of gauged supergravity [f4] this induces
a scalar potential as was worked out explicitly, for example, in refs. [f4, [§]. The magnetic
RR-fluxes instead render the four-dimensional antisymmetric tensor B§4 massive and also
induce a scalar potential [f4].18

Before turning to the reduction of type IIB let us summarize the situation so far. We
truncated the ten-dimensional spectrum by insisting that there are only two gravitinos in
the gravitational multiplet and a finite number of modes in the effective action. This corre-
sponds to expanding the ten-dimensional fields in terms of basis defined in (B.9) and (B.4).
In addition we required local gauge invariance in the effective action which independently
led to the conditions (B.14) and (B.16).

The same analysis can be repeated for type IIB supergravity to which we now turn.

3.4 The reduction of the type IIB RR-sector

In IIB supergravity the RR sector contains a scalar [ (= Cp), a two form C5 and a four-form
Cy. Exactly as in the previous section these fields are expanded in terms of the finite basis

defined in (B.9) and (B.6) as follows

CQ = 054) + Ca wa )

(3.40)
Cy=DSNwe+VE Nag —Ug ABE + pao® .

(4)

From a four-dimensional point of view C5 ", D§ are two-forms, VE Uy are one-forms and
po are scalars. The field strength F5 of Cy is self-dual which eliminates half of the degrees

18 Although not visible form the discussion, here let us add that the electric RR-fluxes play the role of
Green-Schwarz-type couplings [Q]
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multiplet multiplicity | bosonic field content
gravity multiplet 1 (G, V)
vector multiplets by (VE 2F)
hypermultiplets by (", %, pa)
double-tensor multiplet 1 (354), 02(4), ®,1)

Table 8: N = 2 multiplets for Type IIB supergravity compactified on Y.

of freedom in the expansion of C's. Conventionally one chooses to eleminate Dg and Uk in
favour of p, and VK. Together with the fields from the NS sector all fields assemble into
the N = 2 multiplets given in table § which is the four-dimensional ‘effective’ version of
g1

The field strengths of the ten-dimensional gauge potentials C, B and C4 are defined
as

H=dB, F = d0y—I1dB, Fy=dCy,—HAC,. (3.41)

Separating again the fluxes from the exact piece we arrive at

H=HY'+dB, Fy, = Gl —1HY+dCy — 1dB , (3.42)
Fs=BAGY - HYACy, +dCy— HAC, . '
As before the fluxes are expanded in terms of the truncated basis as
Gﬂ:m{gROéK—i-éRRK/BK R Hﬂzm{)(()q(—i-éo[(ﬁ[( R (3.43)

where we use €, m to denote the fluxes in type IIB. In this case consistency requires ngfl =
dHf = 0 which translates into

Vo-V,=0, VRr - Vo =0, (3.44)

where we defined the symplectic vector VRr = (érR K » fh{{R)

In type IIB the four-dimensional theory has a standard one-form gauge invariance
associated with the (b, + 1) Abelian gauge bosons V& and their magnetic duals Ug. In
addition there are (b + 2) two-form gauge transformations.?’ Together they read

VE S vE L dek | Ux — Ug +deY |

(3.45)
B - BM +a0® . oW -l +a0?, Dy — D§+des .

19Tf we choose to eliminate the scalars p, in favor of the four-dimensional tensors D$ the by hypermultiplets
are replaced by by tensor multiplets (¢, c¢”, Dg).

20The issue of gauge invariance is best discused in terms of the tensor multiplets (%, c*, D) where the
po are eliminated in favor of the four-dimensional tensors D5 and thus the b; hypermultiplets are traded
for b; tensor multiplets.
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ITA

IIB

electric RR-flux err

Green—Schwarz coupling

Green-Schwarz coupling

(4)

(4)

magnetic RR-flux mgrr massive tensor B, massive tensor B,

electric NS-flux e massive AY massive Af

)

. . . 4
magnetic NS-flux myg massive Af massive tensor Cé

electric torsion eqx massive A§ massive AK

K
a

magnetic torsion m massive A§ massive tensors Dg

Table 9: Effect of fluxes and torsion.

From (B.49) we see that H and Fj are invariant but F3 is not. Exactly as in type ITA also
dCjy is not gauge invariant. Inserting (B.4() into dCy we arrive at

dCy = dD§ A wg + DI Adw, +dVE A ag — VE Adag
— AUk A BE + U AdBE +dpa AG* + padd®
= dDS Awg + (DEME + dVEY A ag 4 (DSéax + dUK) A BE
+ (dpg — Eax VE —mEUK) Ao* |

(3.46)

where in the second equation we inserted (B.14), (8.16). The terms in the last line involving
VE Uy explicitly violate the gauge invarianve (B.47).
As in ITA, local gauge invariance necessitates (B.14) and (B.16) in which case the

transformation laws (B.49) can be modified according to

vE S vE mfed, Uk — Uk +éax0f,
VE S VE L nfe0® | Uk — Uk + érr 0P (3.47)

Pa = Pa T éaKexlf + maL@g .

With these transformations gauge invariance is recovered. We see that for a non-vanishing
magnetic matrix fnﬁl{ or a non-vanishing magnetic RR-flux Tth(R some of the electric gauge
bosons V& become pure gauge degrees of freedom which can be absorbed (eaten) into
6’2(4), B§4) or Dg. Put differently, these antisymmetric tensors gain longitudinal degrees of
freedom by a Stueckelberg mechanism or in other words they become massive. Note that
on the type ITA side this only happens for magnetic RR-fluxes but not for NS-fluxes or
torsion. Instead in type IIB it occurs for all magnetic fluxes and torsion. This situation is
summarized in table .

For electric fluxes some of the scalars p, become Goldstone bosons and are eaten by
the corresponding vectors while for electric RR-fluxes a Green-Schwarz type coupling is
induced [p4]. We will also see these facts in the supersymmetric transformation law of the
gravitinos to which we now turn.
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3.5 Relation to gauged supergravity

In section P.§ we computed the transformation of the gravitinos which reside in the gravi-
tational multiplet. From this we read off the matrix S4p and via (R-114) the three Killing
prepotentials P* which can be viewed as the N = 2 version of the superpotential and the
D-term. The purpose of this section is to truncate these results to the finite basis (B.9)
and (B.6) and then compare with the formulas of gauged N = 2 supergravity.

In section P.H we gave SX% in two different forms. In (R.12¢) and (R.132) we used
a ten-dimensional field basis while in (R.13) and (R.I37) we essentially already used a

four-dimensional field basis. To be more precise we performed a Weyl rescaling in the

ten-dimensional action and introduced the four-dimensional dilaton ¢ but kept the de-
pendence on all ten space-time coordinates. Now we merely need to truncate (2.13q) and
[2.137) (or equivalently (R.139) and (P.14()) to the finite-dimensional subspace of light
modes and integrate over the compact manifold Y.

Using the truncation defined in B.1}-B.4 we infer from (R.139) for type ITA

1
(7)1 +ZP2) — _2€§Kp+¢(4)/ <(b+’d¢*> ,
Y
1 (4)
P = %e% /Y<<I>+,GA> :

where 1 = ce™, &~ = Q. Inserting the separation (B.39) of G4 into flux terms and field
strength we arrive after partial integration at

(3.48)

1
(7)1 +2P2) — _2ce§KP+¢(4) / (dt+Hﬂ) A Q ;
. 4 Y (3.49)
P (209 /Ye—t NG, + dAzyy — HY A Agyy) |

where t = B+iJ and e! NGl = %th?’ + %thQ + Gt + G We can go one step further by
inserting the expansions (B.29) and (B.33) into (B.49) and performing the integrals. This
yields

1
(P +iP?) = 2035000 XA (e 2K © B Fpy |

C oy ;
PP = — Y XA (eant® + mE k) + (XAerra + Famiip)]

V2

where we used ([B:34) and X4 = (¢, —ct®). (B50) can be compared with the generic
structure of P* as dictated by N = 2 supergravity. In this case one has the generic

expression [[74, 3]

(3.50)

PT = XAPE 4 W (eG XA —mOAFy) (3.51)

where P% are the Killing prepotentials which only depend on scalars in N = 2 hypermulti-
plets. The second term in (B.51]) arises when tensor multiplets are present and e denotes

a4 are related to mass terms of antisym-

possible Green-Schwarz-type couplings while m
metric two-tensors. (w® is an appropriate SU(2) connection on the hypermultiplet moduli

space, see [[g] for further details.) Comparing (B.50) and (B.51)) we see that they are consist
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with each other and furthermore for méR # 0 we necessarily have massive tensor fields as
was already observed in section B.3 and refs. [p4, [].

We can repeat the same analysis for type IIB supergravity starting from (2.14() and
obtain

1 1
(P! —iP?) = —2e2 Ko / (@~,ddT) = —2¢ce2s o / (dt—l— Hﬂ> NG,
Y Y
1
— _9eaKrte® (ZKéAKXA + FKfn,IgXA) )
1 1
= /Y<<I>_,GB> - ﬁe%“) /Y (64— 1H" + dCy — 1B) A 0
1

(a _ 5 5 3
= 200 (2K (err i — Eax€?) + Fr (g — mhe?))

_ﬁe

7)3 _ NS
)
(3.52)

where we defined
§A = (50’5(1) = (l7ca - lba) ’ CAK = (éOK7 éaK) ’ fnf = (mgamf) . (3'53)

The comparison with N = 2 supergravity essentially uses again (B.51]) but since in
type IIB the scalars t and z* in vector and hypermultiplets are interchanged compared to

type ITA (B.51) has be replaced by
P* = ZEPE + w2(e% 25 — mKFg) . (3.54)

Comparing (B.59) with (B.54) we see that for electric fluxes égrg i, €4x We have a stan-
dard gauged supergravity while for magnetic fluxes ﬁz{{R, ﬁzﬁf we have in addition massive
antisymmetric tensors [64, [75, [[]. This was already observed at the end of section .4 and
is summarized in table [J.

3.6 Mirror symmetry

Now that we have discussed the supersymmetry transformation in terms of fluxes and
torsion let us return to the issue of mirror symmetry. For Calabi-Yau manifolds the mirror
conjectures states that for a given Calabi-Yau Y there exists a mirror manifold Y, with
the property that the Hodge numbers and Kéhler and complex structure deformations are
exchanged in passing from Y to Y. In particular the moduli spaces M for one manifold
and M, for the other (as well as their respective prepotentials) are identified. In string
theory mirror symmetry manifests itself in the equivalence of type IIA compactified on Y
and type IIB compactified on the mirror manifold Y. In particular this states that the
respective low energy effective Lagrangians are identical for compactifications on mirror
manifolds. In the notation used in the previous section this amounts to the identification

2]

X4 o zK FA o FE Ao el (3.55)

on mirror pairs.
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Of course it is an interesting question to see what happens to this symmetry for mani-
folds with SU(3) structure and in particular to what extent the exchange (B.55) also holds
on a generalized pair of mirror manifolds. It was proposed in [R3 that mirror symmetry
for manifolds of SU(3) structure amounts to the exchange of the two pure spinors together
with an exchange of even and odd RR-forms

e PV o Q. Geen < Goad - (3.56)

As we already discussed at the end of section ., (B-50) is a special case of the more
general map (B.141)) which we expect to hold if instead of a SU(3) structure one repeats
the computation for a SU(3) x SU(3)-structure. Using the expansions (8-20), (B:24), (B-30),
(B-40) and (B:53) one readily verifies that the map (B.56) implies (B:5]) if no fluxes are
turned on.

In Calabi-Yau compactifications with only electric and magnetic RR-fluxes arising in
(B-33) from the ITA RR-field strength G and in (B.43) from IIB G, it was indeed observed
in refs. [64] that at the level of the effective action mirror symmetry is straightforwardly
realized as the exchange (B.55)) together with an exchange of the flux parameters

€RR < €RR , MRR < MRR - (3.57)

Furthermore for the case of RR fluxes on manifolds with SU(3) structure, it was shown
in [2§] that the supersymmetry equations are symmetric under the exchange (B.56). This
is also reflected in the Killing prepotentials derived in this paper. From Egs. (2.139) and
(B-T40) we see that the two (ten-dimensional) P3 are symmetric under (B.5d). Similarly,
Egs. (B:49) and (B-59) show that in the truncated theory the two P3s are exchanged un-
der the map (B.59) together with (B.57), i.e. exactly in the same way as in Calabi-Yau

compactifications with RR fluxes.

The situation for NS-fluxes is more involved. On the one hand, the expressions for
the Killing prepotentials P! and P? in Eqs (R.139) and (2.140), look perfectly mirror
symmetric, i.e. respect the exchange (R.141)). Note however that this exchange does not
map H-flux (which appears in d®™) to itself, but rather to torsion components in d®~.
Nevertheless, as we mentioned at the end of section P.5, these expressions were obtained for
the particular case of a single SU(3) structure, where ®~ contains only a 3-form and not all
odd forms. In this case, from d®, the 3-form d(B +1.J) contributes to the superpotential,
while the five-form d(B + iJ)? does not, since there is no 1-form in ®~.

After performing the truncation, we can see explicitly by comparing (B.50) and (B.53)
that H is not mapped to itself. Indeed, the type ITA NS-fluxes egx, m(}( arising from Hf in
(B-33) and the type IIB NS-fluxes éx,mY arising from H in (§:43) are not interchanged
under mirror symmetry. Instead for electric fluxes they are mapped to the torsion coeffi-
cients e 9, €49 of half-flat manifolds [[(, 1§, Bf]. In fact this immediately generalizes for the
entire electric matrices eqx, éx 4 defined in (B.34) and (B.5J). We find perfect agreement
under mirror symmetry if we perform the map (B.54) and simultaneously exchange the

electric matrices

CAK < éKA . (358)
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For the magnetic matrices mfg ,Thﬁ no mirror symmetry is observed in egs. (B.50)
and (B.53). In this case antisymmetric tensor fields become massive on the IIB side while
on the IIA side this is not the case. As we already stated before we expect that such a
contribution naturally arises when the backgrounds with SU(3) structure are replaced by
the more general backgrounds with SU(3) x SU(3) structure. Work along these lines is in
progress.

4. Conclusions

In this paper we have shown that type II supergravities in space-time backgrounds which
admit an SU(3) x SU(3) structure share many features with four-dimensional N = 2
gauged supergravities. The reason for this is that in such backgrounds the ten-dimensional
Lorentz symmetry SO(1,9) can be replaced by a symmetry SO(1,3) x SU(3) x SU(3)
and one can consistently write the theory in terms of only eight out of the 32 original
supercharges. Following the approach pioneered in [Bd], this in turn allowed us to rewrite
the ten-dimensional theory in a form which strongly resembles the four-dimensional N = 2
gauged supergravities but without the need of any Kaluza—Klein truncation. For simplicity,
in many parts of the paper we concentrated on the special situation where there is a single
SU(3) structure (or in other words where the two SU(3) structures coincide). However,
given the covariant form of the final expressions we expect that they hold for general
SU(3) x SU(3) structures.

In particular we showed, using results in [ig], that the metric deformations together
with B can be viewed as coordinates of a product of special Kéhler manifolds. The cor-
responding Kéhler potentials can be expressed in terms of a pure spinor ®* of Spin(6, 6)
and its complex conjugate and they coincide with the corresponding Hitchin functionals.
In the SU(3) case the two pure spinors are @ = e~57/ and ®~ = Q and are constructed
as bispinors of the SU(3)-singlet spinors 7.

We also computed the supersymmetry transformation of the gravitinos and determined
the three Killing prepotential P? in the case of type ITA and IIB. They are expressed (see
eqns. (£.139) and (R.14Q)) in terms of Spin(6,6) invariant inner products of the pure spinors
®* with the RR fluxes and with d®F which encode the intrinsic torsion and H-flux.

By further breaking the SU(2)r symmetry of the N = 2 down to a U(1)r , we were
able to find the D-term and superpotential of an N = 1 theory. They depend on two
angles that parameterize the N = 2 — N = 1 reduction. In this way we obtained the most
general N = 1 superpotential for manifolds admitting an SU(3) structure which contains
in particular all the cases that have been studied so far. The case of the heterotic string
compactified on manifolds with SU(3) structure will be presented in [RY].

An important caveat to the reformulation was that we explicitly dropped the multiplets
containing additional spin—% fields, present because that underlying theory really has N = 8
supersymmetry. In particular, including these multiplets should modify the scalar field
moduli space. This is related to the fact that there is actually no natural special Kahler
geometry on the physical scalar degrees of freedom, but only on the larger space of SU(3) x
SU(3) structures. In the full formulation, it must be possible to gauge away some of
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the degrees of freedom in ®*. Equally, there should actually be an underlying N = 8
type theory, where all the supersymmetries are kept and the scalar fields parameterize a
E7(7y/SU(8) coset.

In the second part of the paper we demanded that the ten-dimensional manifold had
a product structure and performed a truncation of the spectrum. This reduced theory
was then shown to be consistent with a four-dimensional N = 2 gauged supergravity.
In particular the gauged isometries are translational isometries of the hypermultiplet and
tensor multiplet moduli space with gauge charges or mass parameters given by the fluxes
and the torsion. Electric fluxes (RR, NS or torsion) give masses to the vectors coming
from the three- or four-form RR potential for ITA or IIB, resulting in a standard N = 2
gauged supergravity, while magnetic fluxes give mass to the antisymmetric tensors by a
Stueckelberg-type mechanism.

The truncation of the spectrum done in section [J also excluded spin—% multiplets which
amounted to projecting out 3 + 3 representations. This sets the torsion classes W, and
W5 to zero. Additionally, no warp-factor was allowed. It turns out that allowing for these
torsion classes or a warp factor is not straightforward. A first step in that direction was
taken in refs. [89, P0], which considered KK-reductions in warped products with a conformal
Calabi-Yau factor. In particular, it was claimed in [BJ] that the warp factor affects the
N =1 Kahler potential, but not the superpotential. It would be interesting to generalize
our results allowing for such warped compactifications.

As we mentioned, for simplicity we mostly considered the case of a single SU(3) struc-
ture instead of the more general situation of a SU(3) x SU(3) structures. It should not be
too difficult to generalize our results to the generic situation. The main difference is that
in this case there are globally defined vectors (given by bilinears involving the two spinors
with one gamma matrix) which are nowhere vanishing if there is a common SU(2) sub-
structure. We expect that the Kéihler potential (P.73) and the Killing prepotentials (R.139)
and (P-I4Q) take the same form in this generalized set-up but are now evaluated with &+
defining SU(3) x SU(3) structures. These formulas further suggest that in the framework of
SU(3) x SU(3) structures mirror symmetry with fluxes is restored and the missing magnetic
fluxes can be located. We will return to these questions elsewhere.

One important question we have not addressed directly is the connection between
the formulation we have discussed here and topological string theories. The target space
theories of the topological A and B models are theories of deformations of complexified
Kahler structure B +iJ or complex structure p called Kahler and Kodaira—Spencer gravity
respectively. It has recently been argued [FJ—[F] that these are equivalent to theories based
on the Hitchin functionals H(x") and H(x~) where x* = Re(ce™27/) and x~ = np.
In ref. [fg] the equivalence was shown to hold at one-loop for the B model, provided
one considered the full functional (R.71) for odd forms rather than that based on (2.87)
restricted to three-forms. In these cases the Hitchin functional is taken as the action of
the theory. Crucially one must also assume that p and B + iJ are closed and one only
takes variations by exact forms. Hitchin’s result [p]]] is that the equations of motion then
imply that the relevant structure is integrable. Here, considering the effective theory of
the physical string, we have seen that the Hitchin functionals naturally appear as Kéahler
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potentials without the restrictions that the forms are closed. N’ = 2 supersymmetric vacua
require integrability of the two structures [B4], while N' = 1 vacua impose integrability
of only one of the two [i4]. This led [i4] to conjecture that there is a topological model
associated to any N/ = 1 vacuum. It would be interesting to understand the connection
between the topological and the physical theories in more detail.

Let us end by noting that the approach presented in this paper of rewriting the ten-
dimensional supergravities in a SU(3) x SU(3) background can equally well be applied to
other theories and structure groups. Of particular interest is eleven-dimensional super-
gravity rewritten in a SO(1,3) x G2 background. In this case the ten-dimensional theory
should resemble a four-dimensional N = 1 theory with a Kahler potential, a superpotential
and D-terms. There is also a Hitchin functional for the three-form describing the G5 and

it is natural to conjecture that this will give the exponential of the Kéhler potential.
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